
• • 

o i�dentures, and �n high degree, has still some small elevations r a _
1n consequence of the porosity of matter, no cont1nu1ty; therefore, 
by the reciprocal action of two bodies in contact, reciprocal i�pres­
sions and partial penetration of the parts take place at the P tnt of ?
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CHAPTER V. 

ON THE RESISTANCES OF FRICTION AND RIGIDITY. 

§ 154. WE have hitherto assumed that two bodies can only act 
upon each other by forces at right angles to the plane of contact. If 
the surfaces at the point of contact were perfectly mathematical, i. e. 
not interrupted by the smallest irregular elevations or depressions,
this law would also be fuIIy confirmed by experience; but because. 
everybody possesses a certain degree of elasticity or softness, and 
because the surface of every body, even if it is smoothed or polished 

contact, by which an adhesion of the two bodies is caused, which can 
only be overcome by a distinct force, whose direction coincides with 
the plane of contact. 

This adhesion, produced by the impression and partial penetration
of the bodies in contact, and the resistance on the plane of contact 
:1risin� from it, �as obtai�ed the nam� of friction. Friction presents 
itself 1n the motion of bodies as a passive power or resistance, because 
it only impedes and checks motion, but never produces nor promotes 
it. It is introduced into investigations in mechanics as a force which 
is opposed to every motion, whose direction lies in the plane of con­
tact of two bodies. In whatever direction we move forward a body 
resting on a horizontal or inclined plane, friction will always act 
opposite to the direction of motion; for example, it will impede the 
ascent as much as the descent of a body on an inclined plane. The 
smallest addition of force produces motion in a system of forces in 
equilibrium, so long as friction is not called into _action; but when
the same exerts its effect, a greater addition of force, dependent on·
the friction, is required to disturb the equilibrium.

§ 155. On overcoming friction, the parts in contact are compressed, 
and those which protrude, bent down, tom, or broken off, &.c. Fric­
tion is not only dependent on the roughness or smoothness of the sur­
faces in contact, but also on the physical properties of the bodies them­
selves. Hard metals, for instance, cause less friction than soft. We 
can, however, lay down no general rules a priori of the dependence _
of fnchon on the physical properties of bodies; it is, on the co!ltrary,

_h
.necessary to make experiments on friction with bodies of dtiferent

substances in order to find out the friction which takes pJace under 
Vanous circumstances between bodies of the same substance. 

T!1e un�ents which are applied to the rubbing surf�ces ex�� a 
particular influence upon the friction and on the abrasions ans1ng

13 



.11_, B, &c., of the surface so move that the space .fl.Bl = .JJB = .ll1B , 
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f�om the �o?tact of bo�ies. The pores are filletl up an<l other aspe­. . .
nties cl1m1n1sbed, and 1n general, the further penetration of the bo<lies _
prevented by the fluid or semi-fluid unguents, such as 011, tallow, fat 
soap, &c., for which reason these occasion a considerable diminutio�
of friction.*

Friction must not, however, be confounded with adhesion, i. e.with that holding together of two bodies, ,vbich t�kes place ,vhen
they come into contact at many points ,vithout_ rec1procal pressure.
Adhesion increases ,vith the size of the surface 1n contact, and is in­
dependent of the pressure, whilst the contrary is the cas� with fric .. 
tioo. If the pressure be slight, the adhesion will be cons1<lerable in
proportion to the friction; but if the pressure be considernble, t11en it
,vilJ constitute but a small part of the friction, and, therefore, gene.. 
rally may be neglected. Unguents, like all fluid bodies, increase the
adhesion, because they increase the number of the points of contact.

§ 156. Kinds of Friction.-T,vo kin<ls of friction are distinguish .. 
able, viz., the ro11ing and the sliding. Sliding friction is that kind 
of resistance ,vbicb is given out ,vhen a body so moves that all its 
points describe parallel lines. Rolling friction, on the other hand, is
that resistance which arises from rolling, i. e. that motion of a body
which moves progressively and rolls at the same time, and whose
point of contact describes as great a space upon the body in motion 
as upon the body at rest. A body .A1 supporting itself upon the plane
HR, Fig. 158, for instance, moves sliding over the plane, an<l conse­
quently has to overcome slicling friction when its points, .fl, B, C de.
scribe parallel spaces M11 BB1 , ee1, &c., and therefore all these 

Fig. 158. Fig. 159. 

points of the moving body come into contact ,vith others of the sup.. 
port. The body .ft(, Fig. 159, on th� oth�r �and, ro11s upon the
plane HR, and has to oYercome rolling friction, ,vhen the points 

likewise .IJ.D = .JJE, an<l B1E = B1Di, &c. 
1 

The friction of axles is a particular kind of sli<ling friction, which
ari�es when a cylindrical axle revolves in its bearing. We distin­
guish two kinds of axles, the gudgeon and the pivot. The gudgeon
rubs ag_ainbt its support or envelop, ''°bilst its other points al,vays 
success1 \'ely come into contact with the same points of the support. 

• 1'he "anti-attrition metn.l." rompo.sed of copper 1 lb., antimony 2 lbs., anti tin 3 lbs. 
(afier\va�d� tena1pered orasoflened by re-melting with more tio,) now very generally used . _bf rnuclunists, ill the Uo1tetl 8tn1.es, performs the sa1ne office, and prevents the heating
ot gutlgt.'f.las, boxes, &c.-.AM. Eo. 



exertion of a certain force F, and se­
along, i. e. to overcome its friction, the 

condly with the force N1' and requires 
the force F1 to cause it to pass from a 
state of rest into one of motion. From the foregoing we have : 
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!he pivot, on the other hand, presses with its circular base against
its support, where its points revolve in concentric circles. 

Further, particular frictions arise when a body oscillates upon a 
sharp e-dge, as in the balance, or when a vibrating body reposes upon 
a point, as i n  the magnetic needle. 

Lastly, we distinguish the friction of quiescence which is to be 
overcome, when a body at rest is put into motion, from the friction 
of motion which opposes itself to the transmic,sion of motion. 

§ 157. Laws of Friction.-Tbe general laws to which friction is 
subject, are the foJlowing:

1. Friction is proportional to the normal pressure between the rub­
bing bodies. Ifa body be pressed against another by a double force,
the friction is as great again; three times the pressure gives three 
times the friction. If in small pressures this law varies from ob­
servation, it must be attributed to the proportionately greater effect of 
adhesion. 

2. Friction is independent of the extent of the surfaces of contact. 
The greater the surfaces are, the greater is the number of parts :"h�ch 
rub against each other; the smaller the pressure, the less the friction 
of each part; the sum of the frictions of all the parts is the same for 
a greater as for a less surface, in so far as the pressure and the other 
circumstances remain the same. If the side surfaces of a parallelo­
pipedical brick are of the same quality, the force necessary to push it 
along a horizontal plane is the same, whether it rest 11pon the least, 
th_e mean, or the greate�t surface. With �ery large side surfaces and 
\.v1th small pressures, this law has exceptions, in consequence of the 
effect of adhesion. 

3. �he friction of quiescen�e �s indeed generally greater thai; that 
of motion ; the last, however, 1s independent of the velocity; it 1s the 
same in small as in great velocities. 

4. The friction of greased surfaces is generally less than that of un­
greased, and depends less on the rubbing bodies 'than on the unguents. 

5. The friction of gudgeons revolving on their bearings is less than 
the common sliding friction; the friction of roliing is in most cases so 
small, that it need hardly be taken into account in comparison "·ith 
the sliding friction. 

§ 158. Co-efficient of Friction.- Fig. 160. 

From the first law laid do\vn in the 
former paragraph, the following may 
be deduced. A body .llC, Fig. 160, 
presses against its support, first with 
the force N, and requires to draw it 

• N.F N F1 
F = , and therefore F = -

l N.l Nl 



� 

The ratio of the friction t? the pre�sure, or frictio� for a pres-
sure = unity, a pound, for instance, 1s called 

the 
the co-efJic:ient of fric­tion, and ,viJI in the sequel be expressed by f, wherefore we may ge-

experiment for each particular case. 

t60 

JJC, Fig. 161, lies on an inclined plane 

148 THE ANGLE AND CONE OF FRICTION. 

Tf, by experiment, we have found t�e friction !'1 corr�sponding toa certain pressure N1, we hence .find, 1f th� r_ubbing boches, and theother circumstances are the same, the friction F corresponding toanother pressure N when we multiply this pressure by the ratio 
(� ) of the nlues F, and N, corresponding to the first ohser-,
,·ation. 

nerally put F = f • .N. . .._
The co-effi�i:nt of fr1c!10!1 1s different for different substances and

different cond1t1ons of fr_iction, and must therefore be found out b 

When a body .llC is drawn a distance s over a surface, there is 
Y 

amechanical effect Fs to perform ; the mechanical effect or ,vork re
quired to overcome friction is, therefore,fNs, equal to the product ofthe co-efficient of friction, the normal pressure, and the distance alon
the plane of contact. Wben the plane is also moving, '-Ve must the!
understand by s the relative distance. 

Erample.-1. 1f by a pressure of260 lhs., the friction wnounts to 91 lbs., the con 
9 l 7spontling co-efficient of friction is/= = - = To umw a. sle<lge fo0,35.-2.

20 
500 Jbs. weight along a horizontal and very smooth surtilce of snow, the co-effioient offriction is/= 0,04, the required force F= ?,04 . 500 = 20 lbs.-3. 1f the co-efficient offriction of a can drawn over a paved road 1s 0,46 nnd the load amounts to 600 lbs th

500 . 480 = J08000n1echanical effect required t0 draw it 4S0 feet is = /N, = 0,45 · 
ft. lbs. 

§ 159. The .llngle of Friction and the Cone of Friction.-A body 
Fll, whose angle of inclination FIIR .Fig. 161. 

= o., its weight G resolves itself into
the normal pressure .N = G cos. a. and
into the parallel force P = G sin. a.
From the first force there arises the
friction F = fG cos. a., which is op­
posed to every motion upon the plane
wherefore the force to push it upward� 

on the pJane = F + P =f G cos. a. +  G sin. a. =  (sin. a. +f cos. a)G, on the other hand, the force to push it do\vnwards is = F- P = 
(f �os. � -:- sin. a.) G � the last force is null, i. e. th� body is sustained
by1ts friction on the plane, when sin. o. = fcos. o, i. e. wh�n the tang.
0 =f. As long as the inclined plane has an angle of inclination',vhose tangent is less than f, the body remains at rest on the plane
�ut wh_cn the tangent of this angle is a little greater thanf, the body
immediately �egins to slide do\'\"D. The angle, whose tangent is equal 
t� the co-efficient of friction, is called the angle of friction or the angle 

_po�e. The co-efficient of friction is given by observing the angle0
f �

e tang. p.o r1ct1on P (for the friction of repose), "·henfis put = 



and will remain in equilibrium so long asf P 
. > sin. q,, i. e tangq, cos. q, > P sin. q,, or f cos. . 

about the normal CB it will describe a 

those directions of force by which a 

the �o-efficient of the friction of motion by the time t, whic� the sledge 

and P the weight required to draw it, '\\"e have the friction = sledge, 
the motive force = P-f G and the mass M = p + G it there-, f G, 

from § 

, 
65, that the acceleration of the uniformly accele-fore follows 
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In consequence of friction, the surface FH, Fig. 162, reacts not
only against the normal pressure Nof another 

Fig.t162• body AB ; but also against its oblique pres- ------.sure P, when the deviation NBP = gi of the 
direction of this pressure from the normal BN
does not exeeed the angle of friction, for since 
the force P gives the normal pressure BN = 
P .  cos. ct>, and the lateral or tangential pressure
BS = 8 = P sin. q,, and there arises from the
normal pressure P cos. q, the friction f P cos. q,
opposed to every motion in the plane FH, 8 
,vill therefore be unable to give rise to motion, 

4> is <f, or 4> < p.  If the angle ofrepose CBD= p be made to revolve 
cone, which we may call the

cone of friction or ;esistance. The cone of resistance includes all
perfect counteraction of the ob­

lique pressure takes place. 
Example. To draw a fiUeu cask \veigbing 200 lbs. up an inclined ,vooden p�ane of 

50° , the fbrce required with a co-efficient of friction /=0,48 is=P= (/cos. "+sin. ") G = (0,48 ros. 50° + nn. 50°) . 200 = (0,308 + 0,76ti) . 2fJ0 = 215 lbs. ; to let it dow_n, or 
to prevent its sliding down, the foroereq_uired, on tbe other band, is: (P =/cos.e"' -sin. a)
G=- (sin. 50° - 0,48 . co,. 50°) 200 =-(0,766 - 0,308)t. 200 = - 91,5 lbs. 

§ 160. Experiments on Friction.-Experiments on friction have
been made by many philosophers, the most extensive of which, and 
on the greatest scale, are those of Coulomb and :Aforin. To find out
the co-efficients of friction for sliding motion, these two made use of 
a sledge sli�ing on a horizontal surface, which was pulled forward by 
a cord, passing over a fixed pulley, from which weights were sus­
pended, as in Fig. 163, where .11.B represents the ,vay, CD the sledge,
E the pulley, and G the weight. 
To obtain the co-efficient of fric- Fig. 163. 

tion for different substances, the D
surfaces in contact, not only of 
the sledge, but also of the \vay 
forming the support, were cov­
e:ed with the smoothest possible 
pieces of the substances under
experiment, such as wood, iron, 
&c. &c. The co-efficients of 
the friction of repose were given by the weight which ,vas n�cessary 
to cause the sledge to pass from a state of rest into one �f mohon, and 

C 

required to pass over a certain space s. If G be the we1g�t ?f the 

g 

1a• 



. 

· 

But 

d 

s = ½ pt ( § 2 cient of friction f = !:_ - p + G . 1!. = 11 ), there-

. fore, p = p' and/ = G -:- G · gt�
To measure the co-efficient of friction, for axle friction, a fixed 

the radius of the puJley, and CD = a r that of 
a =  Fr =f( P +  Q)(P- Q , ) and therefore r

time (t), and Q rises as much, f = (p -� _ 2 !) a. . 

Th&>rie des Machines sim­

vut
d

be found 1n "Wood's Treatise on Railways," 2d ed., 1832, chap. 6 ;  Vid. ,
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· · ·ra e t d motion armng, · 1s : p = P -fG--� g, an
P +  G 

linverse y, the co-effi. 

G G g
P + G 2 s2 s  . P 

is �ade use.pulley .ll.CB, Fig. 164, of, over
Fig. 164. which a cord passes, which 1s stretched by the

weights P and Q. �ro°;l the sum of the weights, 
the pressure P + Q 1s given, and from their dif­
ference P - Q the force at the circumference of
the pulley, which is in  equilibrium with the fric. 
tion of the axle, F = f ( P + Q), if now C.11. === 

.A 

the axle, we have from the equality of moments 
R 

f f =b • P - Q a• r' on the0. r..t e 1r1chon o repose ; 
p + Q

other hand, for that of motion, if the ,veight P falls a space s in the 

P + gt r 
Remark. Before Coulomb, Amootons, Camus, BillJilnger, Muschenbroek, Fergnsou 

Vince, and others turned their atteotlon to and made experiments on friction. The re: 
:.ults of all these investigations are of little value in practice, because tJ1ey ,vere con­
ducted upon too s1nall a scale. The experiments of Ximenes, which ,vere made abouL I.ho 
same time as those of Coulomb, a1so fail in this respe<:t. The resultS are to be found in 
a work, « Teoria. e Pratica delle resistenze de' solidi no' loro attriLi," Pisa, 1782. The 

11experiments of Coulomb are fully described in his ·work,
ples," 1821. The latest experiments upon friction are those of Rennio and Morin.Rennie used for his experiments partly, a sledge upon a horizontal surface, and partlyupon an inclined plane, from which the bodies ,vere allowed to slide down, and bywhich the amount of the friction was deduced from the angle of friction. Rennie's ex­
periments extend to substances of various kinds met with in practice, as cloth, leather
wood, stones, and metals; they give important results upon the abrasion of bodies bu;
from the apparatus and th� mode of oondu�ting these experimen�, ,ve cannot rely �Ponthem for that accuracy which those of Mono appear to have attamed. The experiments
of Rennie are to be found in the "Philosophical Transactions" of 1818. The most ex. 
tensive experiments, and promising a high degree of accuracy, bavo beon completed by 
Morin, although it cannot be denied that they leave some doubts and uncertainties, and
somewhat to be desired. This is not the place to describe the metliods and apparatus of
these experiments; we can only refer to the author's writings, "Nouvelles &periencessu.r 1e Frottement," par Morin. An excellent article on Friction, and a full descriptionof �II the experiments upon it, especially those of Morin, is given by Brix in the "Trans­ac
J 

oons of the Society for the Promotion of Manufacturing Industry in Prussia, " 16 and 17
ntugang, Berlin, 1837-8.• 

• A 
,va caraene� ofexperim�nts on tbe resistance of friction, particularly as applied to rail-
Sm1th'sim. e ·, pp. 171-228.-.Ax. ED. 

I 

http:171-228.-.Ax


� 

- -

� 

� 
� 

� . � . 

151 

0,50 

EXPERIMENTS ON FRICTION. 

§ 161. The following tables contain a condensed summary of the 
co-e.fficients offriction the most useful in practice. 

TABLE I. 

CO-EFFICIENTS OF THE FRICTION OF REPOSE. 

Nature of the surfaces and unguents. 

Q) >...: -·-
0 

.II)!CIS 

Jf.lXES 01' BODIES. ..c: Si>Q)·-
� 

·-I> -d � 
. 

"O 
� lit -

0 j 
.. -0 

t-
� CasA iii

"O .d "O 
Q)Q) ·-- E-. As:::.. 

� -;1·-E -

" least, 
mean,Wood upon wood • • greatest,

-values, 
" least, 

mean,Metal upon metal • • greatest,
• values, 

Wood upon metal . • - - • - - -
' least, 

Hempen ropes, twisted mean,
or matted, upon wood• greatest, 

.. values, 
hick sole leather, upon T { high at the edges, 
wood or iron fatl or smooth, 

Black strap leather, Iof wood, 
upon pulleys of iron, 

stones o, bricks upon i least,
stones or bricks, greatest,
smooth worked value, 

least,stones and wrought iron 1 greatest, 
value, 

Oak upon mwehekalk - - • • • 

0,30 0,65 - -
0,50 0,68 - 0,21-0,70 0,71 -

- 0,110,15 - 0,12 0,100,18 
0,24 - 0,16 

0,60 0,65 0,10 0,12 

0,63 0,87 
0,80 

-0,43 0,62 0,12 
0,62 0,80 0,13 

0,47 - - -
0,54 

0,67 
0,75 

0,42 
0,49 

·' 
0,64 • i'

,. 
· 

0,14 0,22 0,30 
0,19 0,36 0,35 
0,25 0,44 0,40 

-0,11 0,15 

-0,12 0,10 

-
- - 0,28 

. ' 

' . 
. . . , 

"O 
Cl, -
Q) 

"O
Cas 
:,.. 

-
-

-

-

0,27 

0,38 

. , .. ·.. :• ' •. � 
. 



� ',:;$ 
� 

� 

- -

- - -
- -

I 

0,24 

0,24 

Fig. 165. 
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TABLE II. 

CO-EFFJCIENTS OF TUE FRICTION OF )fOTION. 
-

Naune of tho surface� and unguents . 

•"'O :,:. '-:::i� � Cl) - Cl)
• Cl)

1'£llfE8 OJ" BODlJ.$. d
0 .tJ t,.. 

ti :...,. 
�

A 
� 

... 6- :0 g....Cl) 
-; � Cj "t:l 

Sl- £,-4 A � t-
"0 

14 A
.!!1 � '"' -

j 
-
i 

-0,06 0,00 -
0,07 0,0?
0,07 0,08 

- -' least, 0,20 0,14 0,08
0,15 0,12 -- 0 30 0,25I

0,4E - -W()(t(l upon "·ootl --. tnean,
greatest, 

� vnlue, 
0,16 o,15 

- 0,06 0,07 0,07 0,06 0,12 -' len!t, 0,15 o,1 1mean, 0,l8 0,31 0,07 0,0� 0,09 0,08 0,15 0,20 0,13-]\leial upon metal - 0,08 0,11 0, 1 1  0,09 0,17 - 0,17greatest, 
' value, 

-0,05 0,07 0,00 
0,06 0,07

' lenst, 0,20
0,42n1enn1 

0,IO -- 0,08 o,os O,lO 0,20 0,14-wocxl upon metal 0,08 0,08 1 0,100,62. greatest,
.. value, 

0,16 

045 0,33Hemp, cords, twists, I on \\·oo<l, ' 
&c. on iron, - - 0,15 - 0,19 

� raw, 0,54 0,36 0,16 - 0,20Sole leather, smooth, con1pressed, 0,30 -
upon wood or metal - 0,25greasy, 

The same, high at the { dry, 0,34 0,31 0,14 - 0,14
edges, &c. greasy, - 0,24 

Remark. The co-efficients of friction for porous n1asscs "·ill be gi,Tcn u1 the SecondPart, in the theory of the pressure of earth. 

§ 162. Inclined Plane.-Tbe theory of sliding friction has its chief
application in the investigation of the
equilibrium of a body .flC, on an in­
clined plane FH, Fig. 165. If in
accordance ,\Tith § 135, FHR = a,
the angle of inclination of the in: 
clined plane, and P081 = J3, the an�le
which the force P makes with the in­
clined plane, we haYe the normal
force arising from the weight G of 
the body .N = G cos. a, on the other
hand, the force for sliding do,vn = 8= G sin. a,, further the force J\f
with which P stri,·es to draw th�
body down the plane is = P sin, f3, 



G, P = sin. a. °' For the first case : . c�s. f
cos.JJ  

+ 
+ sin./3 f

If the angle of friction p be introduced, whilst we putf = tang. p = 
cos. P + cos. a.. sin. sin. a. • 

body, which deviates by the angle of friction p roem the normal to its f

§ 

ere.ore, = (sin. a. + f cos. a.) G, = 
159). If the force acts horizontally /3 a. ; cos. /3 = = - cos 
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and the force 81 with which it pushes the body up the plane = P 
cos. J3. The remaining normal pressure is : N-N1 = G cos. a.-:-

P 
sin. /3, consequently the friction F=f(G cos. a.-P sin. J3). If 1t be
required to find the force P dra"•ing the body up the plane, then there 
will be friction to overcome, and itmust therefore be 81 = 8 + F, i. e.

P cos. J3 = G sin. a. + f (G cos. a. - P sin. >3).
But if the force, which is to prevent the body from sliding down 1s.

to be determined, then friction comes to its assistance, and the force 1s :
81 + F= 8, i. e. P cos. i' + f ( G  cos. a. - P  sin. /3) = G sin. a.. 
From this the force may be determined : 

For the second:  P = sin. a. -� c�s. a. • G. 
cos. J3-✓ sin. J3 

sin. P • P . - . • or firomG,=--, we shall obtain Pcos. p sin. 13. cos. p + cos. /3. sin. P 
-sin. (a. + P) 

. G, and the= =the known rules of trigonometry : P 
cos. (J3 + p)

upper signs are to be taken, when motion is to be brought about;
the lower, on the other hand, when motion is to be impeded.

The last formula is found by a simple application of the paral­
lelogram of forces. Since a body counteracts that force of another 

surface (§ 159), equilibrium in the foregoing case can subsist if the
resultant OQ = Q of the components P and G makes with the
normal ON the angle NOQ = p. If now we put in the general

�ne. GOQformula !_h= , GOK = GON + NOQ = a. + P, and
G sin. POQ 

pPOQ = P081 + 81 OQ = J3 + 90° - p, we then have G 
= 

.sin. (a. + P) sin (11 + P). ,c) = 
cos. (>3-p)

, and for a negative value of P : 
sin. JJ - p  +( 2 

p sin. (e1- P) • • . 
G 

= ' quite 1n accordance with the above.
cos. (j3 + p)

If the body reposes on a horizontal plane e1 == O, therefore, the 
f G sin. p .r.•Orce o pus .orward · f G · · • ·t h p r. ts : p = ------ = ·---:----;:

COS. j3+fsin. J3 COS. (>3-p)
If the force acts parallel to the inclined plane, then JJ =a O, aod 

(sin, a. + P )th r. · · p -
- . G. (compare 

cos. p 

• 



o. and sin. {3 

body up,vards 1s least \\·hen the de. a A�ain, the force to push 
- p = O, i. e. = 1 ,  therefore, /3 . vi _, is greatesnominator cos. (p- ) ! �p r?e de�1ates by the angle p. When, therefore the direction of fof3 

of friction from the inclined plane, the force itself 1s the least and = 
= 

supposing the onglo of tl.Jc prop to the horizon to b ' 35° that of the inclined plnue CD 50° , auu rb 

50°
1 

S 35° - 50° = 1 and/ = 0,75 15°, - · th o; cr o7" o 

cos.o1s0+o,?5 nn. 1:,0 ,i.>000 
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tang. a. + f--------==--. G, also 

(sin. a. + f cos. a. = - S'in a., therefore, P = - . G = cos. a. + f S'in. a 

= tang. (Q, +p) G. 
-

•1 +f tang. a. 

• G.si,n. (o + p) 
Example. \Vhat pressure on the nxis hrul the prop .A.E, Fig. 166, to snstnin, in orcl rto I?reveut n ulc�k �f stone (n ,vaU) .11.BCD, of 0000 lbs

\Ve1gl11. fro1n Ethpp1ng do,\·n the inclined planeFig. 160. en· 
e 

G � 0000
e �= 0,'7:> 1 Ht•ro

1• 
efficieut of frictiou / 

= rin. 50°--0.75 roa. 500 

1420 

the forrnuln gi\�es: 
= lin. •-f ros. " " . Gp 

ros. 8 -f sir,. 8 
0,766-0,4 2 _ _ 0000 = - l224 lbs.- 0,0UO,-U,194 ' 1,1130

If the prop were horizontal, we should have f3 = _
50° , and tang. p = 0,75 ; hence , = 36° 52' ; Jrunly
P = G la11g. (•-,) = 5000 tang. (50°-3G0 52') � 
5000 tang. 13° B' = 5000 . 0,2333 = 1106 lbs.
push up the same ·wall upon the supporting one by

To 
a

horizontal force, uncler otherwise similar circumstancru1, a force P ,voukl be oocessary = 
G tang. (•+,) = 5000 tang. 86° 521 = 5000o. 18,2676 = 91338 lbs. 

§ 163. Wedge.-In the wedge, friction exerts a considerable in-
fluence upon the statical relations 

Fig. 167. The section of a wedge forms a�
isosceles triangle FIIR, Fig. 167
with the edge FHR = a., the fore� 
P acts at right angles to the back
and the weight Q at right angles to
the side FH. If ,ve drive the wec.lge 
upon the base HR a space s = FF' 
= HJI1 = RR1, the weight Q i� 
raised through a space eel = DD 
= IIL = HH1 • sin. II� L = s sin� 
o, and force passes oYer HK =  1111i . 

cos. H1 HK = s cos. a.; according to the principle of Yirtual veloci-
2.hes, an<l without regard to friction, P . HK = Q • DD1, i.Be. P s cos. . a. a.2 Q szn. 2 . cos. 2Q sin. a.Qs sin. a, therefore P = ---- - -------- = 2a. 

cos. " cos. 2..... 



sin. 
2 and 2 � = 2 f Q cos. 2 equivalent to 

the loatl Q forward auout ½ a foot. 

• cos. 
2 4 

= J,155 feet · I ifect and ,veight is 
therefore the me an1ca e cli • 
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Q si·n. ;, which also follows from the formula in § 137, if \Ve put in it 

sin . /3 = 1 ,  and cos. ( a-45) = cos. �-
2

There are now, however, three frictions which come into play, 
viz., the friction against the sides HF and HR, and the friction of 
the body .fl.BCD in its constrained motion. As the directions of
the force on both sides of the wedge deviate equally, the pressure
against both is equal, namely = Q, and the friction arising =f Q.
The spaces of these frictions, however, are different. For the fric­
tion upon HR : s = HH1'- for that upon HF== ]1iL = s cos. a ;  accord­
ingly the mechanical effects of both frictions are : =f Q s +f Q s 
cos. a. =f Q s  (1 + cos. a.) = 2f Q s  (cos. i)

2 
, Lastly, the friction 

bet,veen CD and FHpresses upon the body .llBCD at right angles
to its direction, and there produces the frictionfi .fQ, if/i represent 
the co-efficient of friction for its constrained motion. This friction, 
however, has the same space as the ,veight Q, viz., DD1 = s sin. a. ;
and to it corresponds the mechanical effectf1 f Q s sin. a. In order 
now to find the extreme limits of the condition of equilibrium, we 
must put the mechanical effect of the force P equal to that of the 
weight Q, plns the mechanical effects of the friction, therefore, 

Ps cos. ; =  Qs sin. o.+2 Qfs (cos. ;) .2+ffi Qs . sin. o., 

and we obtain the force : 
P = 2 Q (sin. ; + fcos. ; +.tJ; sin. ;)-

In a wedge .fl.BC, Fig. 168, as it is used Fig.t168. 
for �he  splitting asun<ler an<l compression of 
bodies, the force at the back corresponding to
the normal pressure Q against the sides ./1.0 
and BC, is P = 2 Q (sin. ; +f cos. ;), which 

is given if ,ve put the sum of the vertical com­
ponents of Q and F = f Q, i. e. 2 V1 = 2 Q 

• Q � 

the force P. 
&a'}lple. Tl1_e _load of the wedge Q in Fig. 167 = 650 lbs., the edge 11. = 25° 

o-effiCient offnction J.=f=0136. Required, the mechanical effect necessary tO move 

The force is P = 2 • 650 [,in. 
= lJOO · For, ;0:he spac: 

= ½ foot, corresponi.la the space of the force HK= 8 = rin. 

the, 

+ (0,36)1 sin. 12¼0
]12½0 + 0,36 co,. 12½0 

= 1300t. (0,2 164 + 0,36t. 0,9763 + 0,1296t. 0,2164) 
(0,2 164 + 0,3515  + 0,0281) = 1300 . 0,5900 = 774,8 lb:1. 

of tbe load CC
1 

- oc.- ---=-- - 1 
4<> • 4 . 0,216-t- sin.e_ 
2 

' 

c 

http:corresponi.la


� 

� �  

� 

� 

� -� -"' ; �  
.::: -� 

� 

� 

-� 

= 
-� 

� 

� 

- -cast iron . . . • . .  

lignum vitm . . . .  
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P, = 774,8 . 1,155 = 895 ft. lbs. Without regard to f�iction, it would only be 6� . ½= 325 ft. lbs. In consequence of friction, the mechan1cal effect expended would benearly tripled. 

§ 164. .flxle Friction.-ln axles, the friction of motion only is ofimportance, on which account experiments on this only existh
_.From the following table very importa�t results .for _prachc_e may

be drawn, with axles of wrought or cast iron, moving 1n bearings of'cast iron or brass, coated with oil, tallow or hoghs lard, the co-efficient
of friction is

By continuous greasing -= 0,054,
In the usual manner - 0,070 to 0,080.

The values found by Coulomb vary partially from the annexed. 

TABLE III. 

CO-EFFICIENTS OF AXLE FRICTION, FROM MORIN. 

Nature ofthe surfaces and unguents. 

-
l'f�MES OF THE 

BODIES. 

Bell metal on the same
Cast iron upon bell

metal . . .  . . . .
Wrought iron upon

bell metal • • . • •
Wrought iron upon

cast iron .e•e. . . .
Cast iron upon cast

iron . . . . . . . . 
Cast iron upon bell

metal . . . . . . .
Wrought iron upon

lignum vitlB • . . . 
Cut iron upon Jig-

num vitm . • . . .
Lignum vitm 

>,
<I)
CII 
Q) 

Q)
,::,-
:.:I 
CII ...
0 

A
� 

-
-

0,251 

-
-

0,194 

0,188 

0,185 

..c·-... 
'd..Q).. 
Q) ..: 

-g �
as 

Id 
>."' 
g... 

-
-

0,189 

-
0,137 

0,161 

-
-

·-
...-
Q) •

� 8
'd CII 

1 
; 

...c., 

Oil, tallow, or 
lard. 

>,
CII >, 
! ::; 

� 
8 

Q) 

s:::.... 
-s 8

.§ 

'i 
� a)

[ !
"t:l � 

i ... 
� B  
Q) 

1 
-
-s
f:l, 

·-
"t:l 

"' 

- 0,097 - -

-
- - 0,049 

0,075 0,054 0,090 0,111 

- 0,075 0,054 -
0,079 0,075 0,054 - -
- 0,075 0,054 0,065 -
- 0,125 

- 0,100 0,092 - 0,109 

... 

-

0,137 

0,166 

0,140
upon 

vitai 
- 0,116 - - - 0,153 

- - - - 0,070 
Lignum upon 

' 
j .}65· fwe know the pressure R between an axle and its bearing

ria!1 i1 urt er t�e radius r of the axle, Fig. 169, be given, the mecha: 
:•ca effet which the friction ofthe axle counteracts in every revolu­
ion m�y e calculated. The friction F-fR, the space correspond­_.ing to it, the circumference 2 "' r of the axle; it therefore follows 
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30 

plication of these wheels is r1 times as great as without them. 
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that the mechanical effect lost by friction in each revolution is = fR •
2 n. r = 2 nfR r. If the axle makes one revo-

Fig. 169•lution per minute u the mechanical effect ex-
pended in each secdnd 

n t1,fR r2 fR ---=----u 0,105e f.u  R" = r-- = .r . -
60

The mechanical effect consumed by friction .increases, therefore, with the pressure on the 
axle, in proportion to the radius of the axle and Rthe number of revolutions. It is, therefore, a
rule in practice, not to augment unnecessarily
the pressure on the axis in rotating machines by
heavy weights, to make the axles no stronger
than the solidity required for durability, and like""ise not to �ake a 
great many revolutions in a minute, at least, not unless other cucum­
stances require it. 

By the application of friction wheels, which are substituted for 
the bearings, the mechanical effect of friction is much diminished. 
In Fig. 170, .llB is a wheel ,vhich reposes by its axle CEE1 on 
the circumferences EH, E1 H1 lying close 

Fig. 170.to each other of the friction wheels revolv­
ing about D and D1• From the given pres­
sure R of the wheel, there foJlow the pres-
sures N= N1 = R , if a. be the angle

2 cos. a. 

2
DCD1 which the central lines, or lines of 
pressure, CD and CD1 make between them.
From the rolling frirtion between the axle C
and the circumferences of the \vheels, these
latter revolve with the axle, and there arise at
the bearings D and D1 the frictionsfN and 
fN11 which together amount to fR . If the radius of the wheel 

cos. 2 
DE=D1 E1 be represented by a1

, and that of the axle DK-D1 K1 by
r1, we shall haYe the force at the circumference of the wheels, or at
the circumference of the axle C resting upon these, which is requisite 

r1to overcome f R : F1 = fR whilst it will be = fR, if• 
a,Cos. � al cos. _,

2 2
the axle_ C rest immediately in a socket. If we disregard the weights
of the friction "Theels, the mechanical effect of the friction by the ap-

• 

14 



anJ that of its axle r = 5 ioches, ,vhnt IB the arnount or 

effect if it makes 5 r0Yolution11 n rrunutee? We may as-8um 

. 

8 feet;  consequently the path of tho friction in one 
38,4 = 2,6 1

and the mechanical effect of friction expended only 4: = 98,2 ft. lbs. 
1 .7,68 ft. lhs , 

✓I +/' 
P be 1ntroduced,f = tang. p : 

If the �le begins to move, the point of pressure B moves fo rward in the bearing by the angle .IJCB = p in the opposite direction. 

158 .AXLE FRICTION. 

If we oppose to the pressure of the axle R a single friction wheelGH, Fig. 1 71, and prevent any accidental lateral forces, by the fixed 
cheeks K and L, «i = O, cos. !:

2 
= 1, and the above relations = �-

a1 
&amplt. A ,vheel weighs �0000 lbs., it.ci !fUlius a = 16 n. 

force at the circumference of tllO ,\•heel n�C?llsnr� to overcorno.
the friction of the nxle. and t? mn1nla1n 1_t 1n uniform motion, 

Fig. 171. 

nnd whnt is thc, corrcspondJng expcnthture of rnecbanicat 

the oo-effioient of friction f hero = 0,07:S,_ \\'hcrefore the uic�
tion/ R Since tho diaineter 0r

38 4, times ns great as the 

= 0,075e. 30000 = 2250 lbs. 
l 6 . 12 102= =.tho ·wheel lll 56

diarncter of the rude or tho nrm of the friction, tho axle fric­
to tho circumference of tho ,vhcel � / Rtion re<luoed -

38 4e--.' 2250 = 58,50 lbs. The oircutnference of the a.xle is 2 · 5 •
12 

5 = 0,2182 feet, and its meclinnical ctrccL c.luring ono second -

1r 

2,6 1 8  ·seconde= 

0,2182 ./ R =00
0,2182.2250 = 491 ft. Jbs. 

_ 
If the nxles of this ,vheel rest upon friction

wheels whose rnilii are 5 times ::ts grent as those of the axle, an<l tbereforo !:t = l 
a, 1"'1 

the power expende<l, referred to the circumference of the whoe), ,vill only be{ . 38,4 = 

§ 166. The friction of an axle .JJCB, Fi&"· 172, '\\'hich presses on
its bearing in  one po1n� .fl. only, is less than.Fig. 17.'l. that of a ne,v axle resting on all points of the
bearing. If no rerolution takes place, the axie
then presses on the point B, through which 
passes the direction of the mean pressure R . 
but if revolution begins in the direction ./1B th�
axle by its friction will rise just so high i� its 
bearing until the sliding force comes into equi­
librium with the friction. The mean pressure
R is decomposed into a normaJ pressure N and

a tangential 8 ;  Npasses into the bearing and gives rise to F = fN. 
acting tangentially ; 8 puts itself in equilibrium ,-.ith F; 8 is there:fore = fN. According to the Pythagorean doctrine, R, is =�+� 
therefore R2 is here = (1 + .f-) »; inversely the normal pressure N:::: 

f R 
; or, if the angle of friction✓lR+ p' and the friction F =  

. 
tang. pF = 

• R = 2 tang. p cos. p R R sin. p.v. /l + tang.p 
= 

. 



= 

cos. p 

5 

composed into hvo lateral forces Q and Q11 normal pressure N and N1, and each a . tangential force F = f N and F = f N equal to the friction. Accordi�a to th; 
former §, these frictions may be pu t = Q 
sin. p and = si,n. p, we have then the Q1 whole friction = ( Q + Q1) si,n. p. The 
forces Q and Q1 are given by the resolution 
of a parallelogram constructed from Q and 

= 2 °', which corresponds to the arc .8..13, 

2 a. B sin. p cos. p 
therefore F + F sin. a. cos. a., 

2 sin. a. cos. a. 
R sin 2 

sin 

R sin. p 

--__ ....:.· -------'----= 

a, COS . 
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If no forward motion took place, F would be = fR = R tang. p = 
R sin. P t·..fi1---; consequent y nchon 1s t e cos. p 1mes as tgrea aft.

the h er 

moving forward as before the motion. Generally,/ = tang. p not 
• .d h d"ffi quite 10

1 an erence 1s not quite 1000 
. 

cos. p > 0,995, therefore t e 1 

= 
2�0 

; therefore, in ordinary cases of application, ,ve neecl have 
no regard to the effect of this motion. 

If the wheel .11.B revolves in a nave or eye, Fig. 173, about a fixed • 
axis .11.C, the friction is the same as if the axis 
moves in  a roomy nave, only the arm of the fric- Fig. 173. 

tion is the arm of the nave, not that of the fixed 
axle. 

§ 167. If the axle lies in a prismatic bearing,
there is greater pressure, and consequently more 
friction, than in a round bearing. 
.Ii.DB, Fig. 174, is triangular, the axle lies on two 
points .IJ and B, and at each there is the same 
friction to overcome, the mean pressure R is de­

If the bearing 

and each of these gives a 

Fig. 174. 

Q1 with the aid of the mean pressure R,
the angle of friction p, and the angle .Ii.CB 

lying in  the bearing. If QOR = .IJCD - C.11.O = a.- p, Q1 OR = 2 11.BCD + CBO a. + p ;  lastly, QOQ1 a. - P + a. + p = The application of the formula § 75, gives : 
Q - sin. (a.-p) si,n. (a.+P) R .- . . R and Q1 = ____,;__� . ,

sin. 2 a. sin. 2 a.
hence the friction sought ish: 

.F + Ft = (Q + Q1) sin. p = (sin. [a. - p] + sin. [a. + p ]) �
sin 

sin. 2hBut the sin. (°' - p) + sin. (a. + p) cos. p and sin. 2 a. 

= = 

"· 
a. 

2 sin.= 

1 

a. 

· 

P, which from the smallness of p may be put = 
2 

2 · • Cl 
= 

The friction of a triangular bearing is f

cos 

cos. 
1 

a.

If, for example, .llDB = 60°e, .IJCB 
rom this times as great 

as that of a cylindrical one. 



= twice the friction of that of a cylindrical bearing. 

168. With the aid of the last formula, the friction m�y be found § 
new round bearing ,vhich the axle touches at all f01nts. • r fo a Let 

opposite parts J l = - . 

It therefore foJlows that the fric-

In order now to find the friction for 

1ctions e a 1./1.DB because the sum of 1s 
c ior 

F _ R sin. 2 P • • °' , or sin. 2 p = 2 sin. p 
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= 180° 

1 
- 60° = 120°e, and ACD = G = 60°e, we then have :  

cos. 60° 

.flDB, Fig. 1 75, be su�h a �t!ar1n_g. Let us
divide the arc JlDB, 1n which he the axle
and the bearing, into tnany parts, such as .Jl.N.
NO, &c., which have equal projections on th�
chord .IJB, and let us suppose that each of' these parts supports an equal amount of theRwhole pressure R, viz. , = , (n, being the 
number of parts) of the axle 

n 
on tl1e bearin

According to the former §, the friction of t\!� 
Rand N O · rin. 2 P 
n Dut cos. XCD.I\·o 

cos. Ncn· .u 
NP= cos. ONP = , where NP represents the projection of theNO 

cltord. ABpart No , an d N'P _ ----·- n 
R sin. 2 pNO and N,. 01 n 

==tion corresponding to the rarts 
n .  NO = R sin. 2 p • NO.. 
cl,ord chord 

11 th fr. .
2" ' 

sum of all the parts of the arc, it follows that the friction in a new 

the \vboJe arc .IJDB instead of NO, we must put in the arc ./1.D= . R sin. 2 p •tunes thel d 

bearing ish: F=R sin. 2 pa , or if we put the angle .llCB . c::�d.11-!}_B
subtended at the centre by .llB, which corresponds t� the arc of the

2 a0 , therefore the chord .11.B = 2 JlC . sin. a..bearing, = 
- 2 

taken approximately 
sin. c, 

a.F = R sin. p. .sin. a. 

• If a bearing ho of an acute we<lge-sbape it is oonceivnble that nn nxle pressed intosuch wedge-shaped cavity ,vould create an n<lditiooal friction j but as friction depends 
?n u,n_ght, not oa extent of snrface, the dinnoostrations of lhis section relative to ooaringis 
in cyhndtical cavities in wbjeh there is no ,vedging or tightening, but only n 1listtibutio11 
?f th� u·curltt ov_er �!te �evcral parts of the rutface of contact, tl.ie effect of th_e n:ioving forco 
Ul a nt,o oea�1og ,v11l be to relieve the pressuro on one pnrt and trnn:<tcr it to anotherat th� sa.rn� <.hstance from the centre of n1otion, or centre of the axle. To a certain c:x.ton1,that 1�! 10athe_ depth of the sen1i-<linmeter of the axle, this surface increases, but if tl1f're.he a d1stnbuuon ofpressure over a grearer number of elements or units of surface, so is 
Ihere 8 le:;s amount of pressnre on each point rubbed. This law of friction, accordiug tc 
pressuret anti not according to surface ru.bbod, ngrccs ,vith. nil experiments.-Aallt. Ru, 
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it follows that : 

, x = � ,  the result is, that y .. )- ( ✓ ,,.s + •• - 11 - ✓ p.2 
., 

i 
::::s 

for little less than � ; in a little greater, or a 
the latter case we have 

AXLE FRICTION. 

F�om this the friction is the greater the deeper the axle lies in its 
beanng. If, for instance, the bearing is half the circumference of the 
axle, a. is thenh= ½ ,c and sin. a. - 1, we then haYe F = ,c • R sin. P,2 
and because ; = 1,57, therefore 1,57 times as great as that of the free 

bearing. In an axle which does not rest deep in its bearing, a. is 
= a. (1 - ;h

2
), whence

3

small, therefore the sin. a. may be put= a.- ;a.

F = (1 + ;
2 

R sin. p, orh= R sin. p, if a. be very small.) 

§ 169. The axle pressure R is given generally as the resultant 
of two forces P and Q, directed at right angles to each other, and 
is therefore = ✓ P2 + Q2• Provided we require it only for the de­
termination of the friction fR z= f ✓ P2 + Q2, we may be satisfied 
with an approximate value of it, partly because the co-efficient f 
can never be so accurately determined and depends upon so many
accidental circumstances, and partly because the whole product of
the friction/ R is mostly only a small part of the remaining forces 
of the machine resting upon the axle bearing, as the lever, pulley,
wheel and axle, &c. The doctrine which teaches us to find an 
approximate expression of ✓ J» + Q' is known under the name of 
Poncelet's theorem, and may be developed in the following manner : 

✓J» + Q2 = P.J 1 + (�)
2 

= P ✓ I + r, whereby z -= ("ij"),
which supposes that P is the smaller force, therefore, z is  a mere 
fraction. We may no,v put: 
✓l + x2 = ,,. + •X, and determine the co-efficients ,,. and .,, answer­
ing certain conditions. The relative error is : 

✓1 + r - ,,. - .z = ,,_ + ., z h
✓I +  x2

For the smallest value of x, viz., x - O, y =- 1 -,-, and for the great-
. ,,. + .,es , t Y1z. x = 1 , we have y = 1 - If we make these errors,-·✓2 

corresponding to the limits of x, equal, we then obtain an equation of 

d. . ,,. + " -con 1honh,,. == 
✓2

_ , or ., == ,., ✓2 - ,,. - 0,414: • ,,.. If we take 

'!Ih= 1 - .✓1 +z2 

,,,.
as a negative error, is greater than any other which arises by assum-

ing X -= �+ A, that is' ,,,,_ 



. comm1tte w1 d 'I I be ± y = 1 - 0,83 = 0,17 per cent. = 
6 

of the true 

If, lastly, ,ve know that x does not exceed 0,2, we may disregard it altogether, and write ✓ P1 + Q' = P, but if x exceeds 0,2, then 
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y = -

• 

== - ,.2 + .,1 - --- . . .  -- 1 .,,.. 42 

2(J ,,:i + ., )
If now we make this greatest negative error equal to the greatest

positive error, we shall then obtain the following second equation of
condition : ---

✓,u
2 + 11

1 
- I =  1 -,u;  or I' +  ✓.u2 + 112 = 2. 

But the first equation gives ., = 0,414 ,u; it, therefore, follows that 
,.,, (1 + ✓1 + 0,4142) = 2, i. e.

2,.,, = ----==== = 0,96 andh., == 0,414 . 0,96 == 0,40.
1 + ✓1,1714 

We may, therefore, put approximately ✓1 + x2 == 0,96 + 0,40 . x,
and in like manner the resultant R= 0,96 P + 0,40 Q, knowing that
we thereby commit, at most, the error +y = 1 - ,.,, = 1 - 0,96 = 
0,04 = four per cent. of the true value.

This determination supposes that we know which is the greater of
the forces; but if this be unknown, we may assume ✓ 1 + x2 = ,.
(I + x), and so obtain y = 1 - "' (l + x). Here not only the limit

✓1 + :r 
x = 0 gives the error = 1 -,.,,, but also the limit x = oo ,  the same 
errorh= 1 - p,X = 1 -p,; but if we put x = � = I,  ,ve then ob-

x . ,.,, 

tain the greatest negative error � - (
2
;2 -

1 )= -(,- ✓2 - 1,) 

and by making these errors equal : 1 -,.,, = ,.,, ✓2 - 1, therefore,
2 2 1 ,. = _ == = = 0,825, for which 0,83 may be put.1 + ✓2 2,414 1,212 

In the case where we do not know which is the greater of the forces
R may be put = 0,83 (P + Q), and "'e know that the greatest erro;

1 

value. 



2 ✓ P2 + Q P + 0,490 Q; in both cases is more accurately= 0,888 . . 

further the horizontal pressure P cos. a., and the weight Q an oppoSite 

sure 
sure is, therefore, J7 = G +· P sin. a. +  Q sin. /3. '!'he power P gi�es 

more perfect than a two-armed lever. 

eqt.ulibnum is the follo,ving. Without regard to friction Pa + G, = Qb, tberefore, 

• Polytecb.nieche Mittheilungen, He.t\ 1, 1844. 
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the greatest error is about t,"o per cent.• .§ 170. Lever.-The theory of friction above developed �nds its 
application in the material leYer, the wheel and axle, and 1n other 
machines. Let us, in the first place, treat of the lever, and take the 
_general case, viz., that of the bPnt Je,·er .11.CB, Fig. 176. Let us re­
present as before (§ 127) the arm 
C.11. of the po,\'er P by a, the arm Fig. 176. 

CB of the weight Q by b, and the
radius of the axle CH by r, let us 
put the \veigbt of the lever = G,
its arm CE = s, and the angles
.11.PK and BQK, by which the
directions of the forces deriate
from the horizon = a. and s. The 
po,ver P gives the vertical pres- . .

P sin. a., and the weight = Q sin. f3 ;_ the whole vertical P:es­

pressure Q cos. p :  since there remains for the horizontal pressure,
H= P cos. a. - Q cos. P, we may put the ,vhole pressure on the axle : 
R = µ. V+., H= µ. ( G + P  sin. a.+ Q S'in. �)+ .,  (P cos. a.--Q cos f3),.of which the second part ., (P cos. a.-Q cos. J3) must never be taken
negative, and, therefore, in the case where Q cos. f3 is > P cos. a,
the sign must be changed, or rather P cos. e1 must be subtracted from 
Q cos. /3. In order to find that value of the power which corresponds
to unstable equilibrium, so that the smallest addition of force produces
motion, we must put the moment of power equal to the moment of
weight, plus or minus the moment of weight of the machine (§ 127)
plus the moment of friction, therefore,

Pa=Qb+ Gs+fRr 
= Qb+ Gs+f(f' V+., H) r, from ,vhich follo\VS 

Qb+ Gs+f[µ. ( G+ Q si,n. J3) +Q cos. ,a] rP =  - - . 
a--f'fr sin. a.+.,fr cos. � 

If P and Q act vertically, R is simplye= P+ Q+ G, therefore,
Pa= Qb+ Gs+f (P+ Q+ G) r. If the lever is one-armed, P and Q 
a�t opposite to each other, then R =P-Q+ G, and consequently the
friction is less. Besides R must be put constantly positive in the
calculation, because the friction fR only impedes, but does no! pro­
duce motion. From this we see that a one-armed, is mecharucally 

Example. II the arms of a bent lever, Fig. 176, are : a =  6 ft., b=4 ft., ' = ½ ft.,:and 
= 500, and further the weight Q="6io 

= 900 lbs., the power .required to restore tbe unsta
,,.= 1½ inches, the angle of inclination A = 700, fllbs.,_ :in� that of the lever G 6 



5000 i p = Qb-Ga . 4 - 900 . = 3058 lbs. If "'o pute/.£ =  0,0G nntla., = 

Let us further take the co-clilcient of fri • C 

P
- 22400 -450 + rio = 2;20lO = 3073 l . }lore the vertical preeflure if w b . 

' = 3072 lbs., ,vh1cb value Varies 
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a O
(G + Q ,in. S) = 0,96 (900 + 5600 �in. 60°) =- 4982 Jb..

0,9(.} . n�•· 70° = 
= 0 40I I 

, , Q co,. S0,002, • ro,. a = CJ,40.
,ve obtaine,-,.= 0,40 . 5600. ros. 500 = 1440 lbs. ; ,-,. ,in.. A = 

ro&. ?0° = 0,137.
approximately P = 365S

take for 

It i.8 eruly to see, thal here P cos. • 1� le._s than Q M. S, for siuco 
we hnvo P co,.e" = J251 Jos., nntl Q ro,. S = 3000 Jb5Q '°'· R, nntl , tol. • tho lower sign nnd pu·let therefore tus ,

5600e. 4 - 900 . ¼+fr (4082+ 1440).p= 0 -fr (0,90i - 01173) 
= 0,009375, and the power sottgJ1t, 

=tion / 0:070, nnd we shall bo.ve fr =  01075. :.e

- (l - 0,00683 5,0£13!.! 

1 
1 e sub-

stitute the value P= 3608 IL�., nnil neglect friction, is r= 3658e. ,in. 700 + 5000 ,i1:,oo + 000 = 3437 + ,1290 + 000 = 8027 lbs.,on th' other hunt.I, thehori,.011tnl pressur 
1
:e.H= f,600 cu,. 50 - 3056 e-<11, 70° = 3600- 1261 =2340 lbs.

Here His :> 0,2 J� thert>fore, rnorc l'Clrrectly : 
R = O, t, • If+ 0,400 J'= 018SS. 8027 + 0,400e. 2340 = 881 l

and it follow! that the mon1cnt of friction = Jr R 0,009375 . 88 tl = 8i
Ia ft lb• !,,2 U 

= 

,22400 - 450 +and lastly, the po,ver P = 
6 

little from the above. 

§ 171. Pivot .Friction.-When in the wheel and axle a pres•ure
takes place in the direction of the axis, as in the case, for examp]e
of upright axles, in consequence of their weight, there is a friction 0�
the base of the one axle. Because pressure is there exerted 011 points
between the pivot and its step, this friction approximates to the simple 
sliding friction, and to the axle friction ,vhich ,ve have hitherto con­
sidered, and we must put for it the co-efficients of friction given in
Table II. To find the mechanical effect absorbed by this friction 
we must kno,v the mean space ,vhich the base .11.B, Fig. 1 77, of such 

an upright axle describes in a revolution. Let us
Fig. 177. assume that the pressure R is equally distributed 

over the whole surface, let us also suppose that on
equal parts of the bases the frictions are equal.
Let us further di,-i<le the base by ra<lii CD, CE
&c., into equal sectors or triangles DCE ; to thes� 
will correspond not onJy equal amounts of friction
but also equal moments, therefore, it will be neres� 
sary only to find the moment of friction of one of 
these tnangles. The frictions of such a triangle 
may be regarded as parallel forces, for they all act
tangentially, i. e. at right a_ngles to the radius CD,
and since the centre of gravity of a body or a surface
is nothing more than the point of application of the
resultant of the parallel forces equally distributed

over this body or surface, accordingly the centre of gravity S of the
sector �1: triangle DCE is here the point of application of the result..
ant ar1s1n� from its different frictions. If no,v the pressure on this 
sector == -, and the radius CD = CE, the base = r, i t  followsn 

fRthat (from § 104) the moment of friction of this sector = CSB. 
n 
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= 2 
r . f R, and lastly, the moment of the entire friction of the axle 

Sometimes the rubbing surface is a ring JlBED, Fig. 178. If its 

terrnine the centre of gravity S of a portion of a 

= 
6 

which together are greater than R alone. 
If the half of the convergent angle .fl.DC 

consequent)y the friction of the pointed axle 

POINTED AXLES. 

• 

3 n
2 fR 2- n . - r - = -fR r.
3 n 3

_ 

Fig. 178• radii are C.IJ..=r and CD=ri, we have then to de-

. 2r 3-r 3 

ring, and from § 109, obtain the arm CS =a \ i\,
r1 -r2

,2 (r 3_r 3)therefore, the moment of frictione= 3fR \e \ • _r1 r2 

If we introduce the mean radius r1!r2 = r, and 

the breadth of the ring r1 -r!l = b, we obtain this 
moment of friction alsoe= fR (r + �r)· 

The mechanical effect of friction for a revolution of the axle is in 
the second case = 2 n 

· 3  
2 fR r = 4 

3
n f R r, and in the first 

3 34 nfR ( r1 -ri )· Here we easily see that to diminish this loss of3 r
l 
2-r

2 

2 

mechanical effect, the upright axle or shaft must be made as light as 
possible, an<l that a greater loss of mechanical effect would arise if, 
under otherwise similar circumstances, the friction ,vere to take place 
in a ring instead of a complete circle. 

Example. In a tmbine making 100 revolutions a minute, and 1800 lbs. weight, the 
size of I.he pivot at the base, is ½ inch ; bo,v much mechanical effect does tht1 friction 
of this pivot consume in one second 1 The co-efficient of friction being taken = 0,1 
we Lave the friction / R = 0,1 . 1800 = 180 lbs., the space per revolution 

4= � tr r = . 3,14 . 2-= 0,1745 ft.. lbs., hence the mechanical effoct per revo-
3 3 24

lution = 180 . 0,1745 = 31,41 fl. lbs. But now this machine makes in a second 
100 5 . .
6() = 3 of a revolnuon, hence Jt follo,vs that the loss of mechanical effect sought 

3 14,1 = 52,3 ft. lbs. 

§ 172. Pointed Jlxles.-If the axle .IJ..BD, Fig. 1 79, bas conical 
�nds, the friction comes out greater than if
it has plane ends, because the pressure of Fig. 179• 

the axle R is resolved into the normal forces 
N, N1, which produce the friction, and 

= BDC = a., we have 2 N = R , and_
St'fl. a, 

R • Let the radius of the axle C.11.= f s.in. a.= CB at the entrance info the step be re-



, r1· = � = ½ r sin
therefore, r1 . . a 

friction comes out = r1 + sin. 

the pivot in this ti,nc by friction = 2 ,, u .  ¼ / �" t = � ,r • 24. 47,1 = 7103 n. lbs. 
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presented by r1, we shall then have as before the mo1nent of friction 
= 2f �r1 • Let this axle dip a little only into the step, the rne,

3 sin. " 
chanical effect of this axle ,vill be Jess tha� that of an. axle ,vith aplane base, and on this account the apphcnt1on of the pointed a'.l(le is

_t

SUI. Cl 2 
r1 causes only half th� loss of mecha.. 

of service. When for example,' ' 
the pointed axle of the radius
nical effect through friction ,vhich the f runcated axis of the ra<.liusr does.

If the pi\·ot forms a truncated cone, Fig. 180, friction takes placeas well at the envelop as the truncated �urface, and the moment ofr3-r1J ) 2 fR 
3 r

( :i 

place of entrance into the step, and r1
the half of the convergent angle. 

a. l , ·ct r be the radius of the 
= .DE that of the base, and a.o 

Fig. 180. FJg. 181. Fig, 18.2. 

Lastly, the pivot or upright axles (Figs. 181, 182) are ,·ery often 
rounded. Although by this rounding, the fri�tio_n itself is by no 
means diminished, there arises nevertheless a diminution of the mo­
ment of friction, from the extremity not <lipping far into the step.
If "·e suppose a spherical rounding, we obtain by the ni<l of tlle 
higher calculus for a semi-spherical step, the moment of friction 
= f.!!. . R r; but for that of a step having a Jess segment

2 
= : [ 1 + 0,3 (;)i]Rr1, r being the radius of the sphere .ltl.ll. 
= .JifB, r1 the radius of the step C.11 = CB • 

.J!?;ampk. If the weight of the armed axle of a horso capstan R = 6000 lbs., tho
.mchus of the conical pivot = r = l inch, and the angle of conYcrgenco of the cone
2 • = 90° , then the mo1nent offriction ofthis pivote= 2 . / .  _Rr =.: .  0,1 . OOO0 

3 3'14, • 3 ai>t. I.I 50
1· -&,= � = 47,l ft. lbt:t. Tlli3 axle makes during the Uillng up of a 1011 from a3vi

t;bnft o:r mine == u = 24 revolutioUB, then the mechnnicnl cftect which � expended nt 

ttll . •  

§ l 73: Points and Knife Edges.-To avoid ns much as possible
t�e fr1ct1o_n of the axle, rotatory bodies are supported on pointed 
pivots, knife edges, &.c. If we had only to <lo ,vith perfecily rigid 



this amount is given = 
J

1-..:..--.....: 0�· - = -1:.. . R J ( tang. ci) ½. We must, therefore, assun1e that 18 

. --�1 ·\ -D 

P ta;g. • )3

(
, 

• 
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and inelastic bodies, no loss of labor ,vould arise through friction by
this method of support or suspension, because no  measurable space
here is described by the friction; but since every body posses�es a 
certain degree of elasticity, by the resting of such a body on a point ?r
knife edge, a slight penetration takes place, and a rubbing surfac� 1s
thereby caused, upon which a space is described by the friction which 
gives rise to a certain loss of labor, although very small. In rotations 
and vibrations long sustained, bodies supported in this manner, present
similar surfaces of friction arising from the abrasion of their points or
knife edges, and the friction must then be estimated by ,vhat has
been already mentioned. For these rea.�ons this mode of support is
applicable only to such instruments as the compass, the balance, &c., 
where it is of importance to diminish the amount of friction, and 
where motion is only allowe<l from time to time.

Experiments on the friction of a body resting upon a hard steel 
point, and revolving about it, have been made by Coulomb. From
these, it results that the friction increases somewhat more than the 
pressure, and varies with the thickness of the supporting pivot. It 
is least for a granite surface, greater for one of agate and of rock 
crystal, greater still for a glass surface, and greatest of all for a steel 
one. For a very small pressure, as in the magnetic needle, the pivot
�ay be pointed to 10° or 12° of convergence. But if the press�re 
1s 8reat, we must then apply a far greater angle of convergence, viz. 

30 to 45° . The friction is less ,vhen the body having a plane sur­
face rep�se� upon ah_ point than when it lies in a conical or spherical 
step. Similar relations take place in the knife edge as applied to 
the balance, and the beams of balances, that are intended for heavy 
loads, require sharp axes of 90° convergence, while an edge of 30° 

is sufficient for the lighter ones. 
Remark. If we assume that the needle Fig. 183 . 

.11.B, Fig. 183, rests on the point DCE of the 
pivoL FCG, of the height CM = h, and 
radius BM= r, and suppose that the vol­
ume ! lfl' r h is proportionate to the pre�ure 
R, the amount of friction may be found in 
the following manner. If ,ve put ½ ,,,. r 
h = µ, R, ,vbere µ, is a number resultiog 
from experience, and introduce the angle of 
convergence DCE = 2 4, and, therefore, 

put h = r cotg. •• we obtain the ndius of the base r =J,. R;<m/1· • and/,. R 

✓3 

= 
3 

3 p. R4 tana c:c 
'JI' ff' 

friction on 

tl 

the pivot increases equally with the 
cube root of the fourth po,ver of tbe pressure, 
and the cube root of the tangent of half tbe 
angle of convergence. The amount of friction , ·  

-L -of a beam .11.B, Fig. J 84, ,vhich oscillates on a
sharp edge CC11 may be fo11nd in like manner. 
Ir c:c be half the angle of convergence DCM, I
the length COI of the edge, and R the pressure, '··-- -' '.''' \--- ,:

1-; ·. /-
1. 
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of ro11ing �ri tion is by Friction.-Tbe theo:Y no .174. Rolling § the pres ure, means firmly grounded ;  ,ve ki10\V that 1t increases \\' ttl1 
larger <.luunen r r fo of the smaJlcr than �

.
. .a r and that it is greater fo e

ds t fr1ct1on stalu n s but in \\'hat algebraical dep�n<lencc rolJing body ; e ly, o annot n� ;ret bto the pressure and diameter of the roJhng r.h t
considered ns determined. C'oulo1nb m�de onJr a fe\V e ·per1ments .
,vith rollers from two to t\vel\·e inches thick, of lignum "•tm and elm 

over the roller .11 R, whospassin� . e 

equal v,e1ghts P nn<l Q, li'ig. 186 

ments, rolling fnchou appears t 

and inversely ,vith the dia1neter of 

be expressed by F = f .  '!!:., if R be 

, , 0189

These formulas suppose that the for�e F acts at the circumfe_ rence 
of the roller, but if the force be apphed to the ax1 C of the rolling 
bodies, by which, as in every description of carriage, axle friction en­

e her� th nrm Cl! is only half s � sues, the required force is 2 F, b�cau

ith respect to the point o� apphcati�n JI. that of KH "' . 186, ly1ng on the rolA body .llBS is wovecl for\vards, Fig lers c 

' \Vhich were rolled along � surfac�
of oak, by means of a thin thread 

extrem1h�s \Vere stretched by un­

Fig. 186. 

1'"rom the :esultsh

sary to overcome 

tion derived from experiment.
these experiments

For rolling upon compressed woodf = 0
cc " cc " f = 

o� these e.·peri�. 
o

increase directly \vith the pre sureh

the roller, o that tl1e force neces­
this friction may 

r 
the pressure, r the radius of the
roller, andf�e �o-efficient of fric .._

If ,,. be given 1n inches, then from 

0,0310. 

and D, the required force P here 

------

Fig. 186. comes out very small, because 
t,vo rolling frictions only, viz . ,
that bet "·een .llB and the rollers
and that between the rollers and
the \Vay HR are to be oYercome.
The progressive space of the 
rollers is only half that of the
load Q, and on this account for 
farther progression, the rollers 
must be replaced under it from

�efore, because the points of contact .IJ. and B, by Tirtue of the roll-
1ng, recede as much as the axis of the rollers ad\·ances.

I:the roller AH has reyolved about an arc .IJ.O, the roller has then 
m?\e<l OYer a space ./J_.fJ1 eql1al to this arc, and O comes into contact,vit� O., th� ne,v point of contact 01 bas, therefore, receded by .11.0-- 0 behind the former (Ji). If the co-efficients of friction are j 
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These two kinds of friction may be illustrated by the motion of a cylinder, (Fig. 186,), 
moved over any plane surface by 

Fig. 186,. 

the body comes again in contact ·with the plane the uniform rotary m?uon will gene­
rate a friction which will increase the rectilinear' motion, bycommunicaung to tbe centre , 

ROLLING FRICTION. 

and ft, the power Df)Cessary to dra,v the load R for\\'ard is P = 
(f + fi) R _ r 

Remark. The extended experiments of Morin on the resistance of carnages upon roads,
�ccord with the law by which this resistance increases eqoally with the pres�ure, and 
Jnversely with the thi<'kness of the roller. Another French engineer, l>uputt, on tlae 
co�trary, deduces from his experiments, that rolling friction increases indeed directly 
wit� the pressure, but for the rest, only inversely proportional to the square root of �e 
radius of the roller. Particular theoretical views upon rolling friction may be found 1n 
Ger.in.er•, Mechanics, vol. i. § 537, and developed in Brix·, Treatise upon Friction, art 6.• 

• The following demonstrations are applicable to wheel carriages in general, and 
especially to railway cars and locomotives. They bring into view the relation between 
rolling and dragging friction, as well as the resistance of fixed obstacles to rolling
bodies. 

R force applied, first, opposite to 
its centre of gravity, and at right
an-gk, to its axis, and secondly, op­
posite to the same centre, but in 
the aame direction with its axis. 
The former force will, if both the 
cylinder and the plane be ptrftctly
lmOOth, unyielding, and free from 
foreign matter, produce a progres­
sive motion only in the cyJinder.
Bnt in every practical case such 
an application of force produces 
like,vise a rotatioll, and, in propor­
tion as the roughness of the 5'\lr· 
laces prevents or resists the sHd­
ing of one over the ot�er, in �e same proportion ,vill the rotary, '"()Oner or later

! 
cor• 

respond to the progremvt motion. We may easily conceive however that while a 
body is moving forward with accelerated velocity, that is, whiie its centr� ofgravity ad• 
vances with increasing rapidity, the revolution on its axis shall be uniform, and the mo­
tion of any point on the periphery may, at any given moment be either greater or Jess 
than that of the centre of gravity. Should a cylinder, revolving �nder such circumstances, 
come to apply its periphery snddenly to a part of the plane, where, from the roughneiis
of surfuce, it should be compelled to coincide in its re,•olving velocity v ..ith the motion of 
progression, while the two motions were coming to an equality, a portion of rubbing
mu� take place, and the extent of surface rubbed mllSt be equal to the difference �r 
motion between the centre of gravity of the cylinder and the assumed point of the pen· 
ph.ery. Thus, if while the centre traveraes a straight line of four feet, the cireon1ference 
revolved through five, in the same direction, then Lhe extent actually rubbed over would be 
one foot. If it revolved in the opposite direction to that which friction would of its?lf 
produce, then ,ve may conceive that each point of the plane passe,t,oYer some one point 
of the cylinder, and, therefore, that there is from this cause a friction through fo11r feet 
of �ace due to the progressive motion ; and again, that each point of the cylinder rubs 

ve feet due to the rota·�gainst some point of the plant', and produces a friction through ftnon, and consequently, that the united effects of these opposite motions "•ould be to 
chang? the e�is�ng rotary mo�ion into one in the opposite direction, by a qunn�ity eqT� 
!<> a direct fnchon through. mt1e feet; that is, through the sum of the two mouons. .
1llus�te the preceding remarks, we may easily suppose a wheel or cylinder � receive a 
8ndden percussion, ,vbich shall cause a mpid progressive motion commencing {rom a 
state of rest ; this motion may generate a degree of rotary motion, which may or °i�y{;�t 

be equal to the progressive velocity, according to the nature ofthe surface o-ver wu� it 

llloves. If, after a short time, the E<urface of the roiling body ceases to touc:!1 tbe P�e 
w 1 eaurface and traverses free space, the rotary motion will conrinue nearly urut:orm,.

¥ lD �s casethe progressive motion may be greatly retarded, or may entirely cease. 

15 
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The pressure is ( § 74) : 

the spot where it first struck. _ . . . 1ct1on at1on of rolhng 1r 1j pr��nted 111 tbe common A still n1ore remarkable illustr_
. 
..

rolling mill, for convening metnls u1to plutes, "·her? 1t put�_ 111 rnobon n?t .only the bar of 

in lhe direction GP of its length, (Flf;. 186,,) and passing through the ccntr� of {Jl"avity 

e ';hing wou_lJ � true if the SOli� The snm_

111 
But if a.single ,vei�ht were applied as represented at P, Fig. 186 it is obvious that its own grnvny wo�ld increase the pressure e.t H, and consequoutly, augment the friction 

�n�d .by the ,ve1gbt �� t.bo cylinder, so that, llfter oI1o'11'ing for friction causetl by W, "e must make an ndd1ttonnl allowance for P itself. accorclu,gto 
the 

the nature of the materials 
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Fjg, 187. § 175. Fri_ctio11 of (!o�ds.-We have 
now to investigate the fnct1on ot a flexible
body. When a perfectly tlexiule cord isstretched by a weight (? over the edge c
of a ri�id body Jl}!E, }1� 1�· 187, and there..
by de,·iate from 1ts or1g1nal direction by 
an angle DCBP= "'0 

, thereharises at the 
.edge a pressure R from ,vh1ch a friction_ 

p takes place, and requ res for the resto­
ration of unstable equilibrium that the
force P should be greater or Jess than Q 

R = ✓pi + Q�- 2 I'Q cos. (); 

of gravity a pnrt of_ that �ore-a whi<·h had _been e�1plo)"'.c� in producing rotation._t Tbecase no,v supposed 1;; prects�ly that ,vluoh 1s �ecn 111 bnhsnc.q, whe.11 n en.noon baU afthaving recei\'eil, }>Y traver�ii.,g the gun� a rotary motio�, �nil s11bscqucntly neo.riy e;�.pentled its force 1n overconung the ros1,tnnce of the n1r, 1s seen to ocquiro an 8lditional on,vard velocity by c,"Oming i? conta
7

t 'l\'.ith tho ground.t A irnihu trnnsfo; of, .
motion froin the rotary co the recuhnenr c.hrectJon, through the 1nterfcronco of lriotion,is seen1 when 11 billiard bnll is caused to tctrogtnilo on tho tublo, by giving .it n.n oblique
stroke do,vu,vards io a. direction ,vl:Jicb pn <10 . bolo\\� tho ccntro of gravity. Another
example to the snme cflect is that of a bull. falling from a to,ver ul the snrnc tin,t1 tbu
it rc,·olves on some axis of its O\\"U, When �t �01ne� to tho ground the l'Otn�y is conveneJ
into a rectilinear rnotion by Ll1c agency of fnc11on, Mrl the bull rolls off hor17.ontally from 

. 

metal rolled, but often one of the rollers also, not,v1lhstoud1ng all tlte fr1ct1on of its o..xte.
If the cylinder before supposed w:ero to be moved �long a plane by n. force applied 

G, it ,voulcl generate n renl dragging /ricti<n 
Fig. lSG,.. )au.I in n scm1-cyhnc.lr:ionJ 8?00ve Othollo,v, (Fig: 186..,) nnd drtnvn nlong thnt 

,vero 

groove endw1se1 or ca.used to revolve about
its nxis, its sudiico being iu contat•t with the 
concave pnrt of its bod, and prt!ssing it with 
a force due to lhe �eight of tho cylinder.
The force, then, \\·h1cb .would bo n�essary
to cnuso tlii� body to revolve, ,voultl l,e equal
to that ,vhich ,vould be required to <lrog the
cylinder lengthwise along lhe piano. Every
revolution of the cylinder n1u:st1 tuerefore
pro<lnoe the same nmouot of frictio1i � ifi� 
surfnce were rcduoed taa parnllelogmn1 aoq
the body ,vere dragged ,vithout reyoiV"ing
through its breatlLh over a plane 1:1nrfncc
Such would bo the et1.se, if the forces applied
to the cylinucr to produce rotalion Wt're di,.
reeted in suohn 1nnnncr o.s neither to incrE>ase 
nor <lirninish the etfool of gravity ; n.s, for ex. 
ample, the t,vo equal and opposite foroos act. 
iog simultaneously in the llirections OP and
EM, or NI and HT, or DSand KO.. . 
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consequently the friction : 
F = f ✓ P2 + Q2 - 2 PQcos. 0--

If further we put P = Q + F and P2 approximately = Cl + 2 QF,
,ve then obtain : 

F=f ✓Q2 + 2  QFh+ Q2- 2 Q2 cos. a - 2  FQ cos. Cl 

of which the cylinder and the bed, EHO, are composed ; this aUowance woult1 again
cause a new pressure and friction, and thus a decreasing geometrical series of weights 
must be added at the point C, having for tlie first term such a part of Was is expressed 
by the relation of pressure to friction, in the case of the given materials, and for a com• 
rnon ratio of the progression, the fractioo e:xpres5ing the same relation. 'l'he sum of all 
the terms, continued to �ero, will be the actual amount ofP at the moment when motion 
commences. The "Sum of all the terms followi.,tg the fir•t, will be found by muliiplying 
together thefir,t and 1WJnd to-m, of the ,eriu, and dividing the product by their dijfertn�. The 
quotient added to the fir•t tem1 give, the rum of the ,eriu required. The applicability of a 

similar method of computation ro the friction on the gudgeons of water wheels, 1noved
by the gravity of water, is too obvious to require demonstration. 

If instead of applying a weight at P only, we should apply, as above supposed, two 
equal forces, one in the direction of CP, and the other in that of EM, the amount of 
friction caused by the former would be relieved by the latter, and consequently, there 
would remain only the friction of the cylinder. The same would be true if the forces 
,vere to take either the directions NI and HT, or KO and DS Tespectively. Supposing
the cylinder to be placed on an axis smaller in any given proportion than its own dia­
tn�ter, as GY, then the whole effect of gravity would be transferred. to this axis, and if 
this were to be caused to revolve by a force applied tangentially to the axis itself, it must 
be of l?e same magnitude as that '\vhicb bad before been applied to the cylinder when 
placed tn the groove. But if applied to the e.xterior of the cylinder, it mnst be as much 
less than bef�re as the diameter of the axis is less than that of the cylinder. In other 
words, the diffi<:ulty of overcoming friction at the axle, is to that of overcoming the same 
at the outer periphery, when, confined in a bearing as the diameter of the axle is to that 
of the cylinder. If D be the diameter of the cylinder, d of the axle, and F the relation 
of weight II> friction, we sball have the proportion D : d = F : dF =, the force required 

D
to overcome the friction on the axle. 

This subject may be still further illustrated by Fig. 186 ,vbere the hori7,onral plane 
Hh, is repr�ented as fumi�ed at eqoal distances, with 

3
�all balls or prominences so 

attached to its surface as to present equal obstructions lO the dragging of heavy bodies 
along that surface. 

Fig. 1863• 

The exterior of the ·wheel ED is li1'e,,,ise representecl as furnishe<l with equal promi­
fe�s a� equal distances. When, therefore, the ·wheel is cotnpelle<l to make ?11e rt>vo. .
,;hon witbo�t advancing, as many prominenr.es "·onld be broken from. It! penpher� as 

ould be dislodged from the plane surface while it advanced, wit�out �ev?lv��g
tbrough a space equal to its circumference. This applies to a IooomotJve slipping lts 

http:prominenr.es
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=-::-:----------- (I=f ✓2 (1- cos. o) ( Q1+ QF)= 2fsin. 2 ✓ 
-

Q2 + QF, ,vhich agpin 
may be put = 2fsin. � ( Q + k F), if \\·e have regard to the t\\•o2 

wheels on the rails in the one ca.se�and slicling with wheels clolQ(l'dor engine reversed in 
tl1e or.hel'. But wben I.be whoo! is allowoc.l both to rcvul\'tl anJ to n1 lvunco in sucb 11 
manner as to apP,ly its periphery te> n length of plono JU t t•�ual to tho spaco tra. 
versed by the centre, the proin1nenccs \\'ill oo _genretl to;;other hko �l� tu,•th of a rnclcand pinion. But in the latter case the pn11nu1e11001 rnay all ro1na1n unbroken.
"'lien the wheel re ts ·with its whole weight on an axle•, ns rid, tho uumber of pro 

B•�t 

tninencea "·hich can oo disposed et tbo su,nc Jidtunocs .rui b,.•fore, on tho circumforence
tho axle, will b(1 <lirninished1 in proportion as tilt.: m<lius Ed of the axle is srnallor th:n

;. 

ED, that of the wh6CI. 
lVben n wbeol or cylindf'r rolls on a surface 119 nearly plant as it is posible for

produce, the runount of 1•nct1on· · 1 ""'111g no n1or'-' t1mn 1:; 1 moment of inert'
n toL_.• • duo to t 10 

..... 
'll,hllie�trcmely small compared ,vitl! that of tlr!U(ging, but the obscrvatiorut already n 1nod I.he exa,nples cilt'-1-1, will 1>e sufficient to sho,v that the ru•utnl advu.n\lemcnt l�•n 1�
n\t:, 

n tore equal to thnt which produces the rotntion, to brenk down the prorniuencc� �r' 'Y 
t.110!lW'fuce, for if we consider the cylinder rollell forward L,y a fine thread unrolled fror 

upper 11ide, we may consider nlf;O the plane beneath to oppose n force tenuiug to Uh! 
n 

•� ,v itin the oppo ite diroot.ion, and tl1is force;, is friction. 
I� experimenting with �•heel car.rioge� �r. c.•1119 cl�scending by tlieir own gmvity nlon.>11chue<l planes, to ascertrun the rut10 ofJr�lton. to t«t,ht, we have to detoriuinc scpnnu Il{the rolling friction of wheels and axles with vnrious weiglitt1011d cli111netcrs, and then ut .'Yeiriniluence combined with that of the insuncnt ,veighL of cau and Jon,h-,, \\'hath latter c

alone produce sliding friction at the axle. The ,vei1<ht of the ,vhccle resisted only�11 

the alight a1nouot of rolling friction nt the periphery, te11<ls to lll'Ct.'lerotI tho velocity J"'the car and loiul If we suppo� tht wheel auJ nxlo only to be placed on tt pluuc " 
Fig. 186,, so liule inclined as just to contiuue tbeir rulling 111otioo, and nfl..-rwurtls (Jo, 

another 11po so much inclined as to allO\V a ,·or to dei,ecnd \\ hh all thu fric1iou ttt ?� 
nAle�, we shall readily conceive that over tl1e htttcr phuae ll10 wheitliJ ·would, by llifl�l•
15elves, have <lesocnde<l with a conl:>Ulntly accclemtc<l u\oUon, untl conseq11e111ly, thut they 

J,'ig. 1 6 ..  
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we mut �termine the � le�h• of B.4. and BC, of 6a and be. BC is euily 

2 C.IJ. X
_ , 

· for 

0�, u the 1inc)s of the anglea DCA, dca.. divided by the coeinee of the same an&lel. 4nd 

.

the radiua and vened line. Substituting R for the radiua of the, larger wheel, and r
that ofthe smaller, u alao A for the perpentlicnlar height oftheobataclein botP- m•tr.the
abo•e npreesion ofthe ftlueofPbecom• WX \/'J RA-1&• and b• a ooune oi �--R-la ' ' 
eoniag precieelr aimilar, we obtain fl -

ROLLING FRICTION• 

.first members of the square root only. Now if F-JF sin. ; is given 

= 2f Q sin. ;, then the friction sought is 

would, to the extent of their accelerating force,overcome a portion of the resistance which
friction opposes to the motion of the car. 

Thua, in every case where we would compute the effect of friction by comparing the 
��al �istance passed over by a carriage, with the theoretical descent as caused by the
1nchnatton of the plane, we must consider the weight of the car and load u the cause of 
friction on the axle, and the gravitating power ofthe wheels (and that of the axles when 
they revolve with the wheels), u aiding to overcome the friction occasioned by the load. 

Tocompute the effect ofany obslacle ofgiven height which a rolling body is compelled
to surmount, aa dependent on the diit,ineter of the wheel, we may talte two wheels E.41).
and tad, Fig. 1864, of different heights, intended tosurmount the equal obstacles T.IJ. and ta.
Let the weights Wand t.o be the same for both wheels, and the powers P and p be such 
as toproduce an equilibrium in the wheels DAE and dat respectively. Then since (§ 7:i 
and 139) three forces are in equilibrium, where each is repreeented bythe mw oftlte tMgk
co,,rprditrtdtd bdu,ettt iM dindiou of tM otlttr ttoo, the direction of gravity and that of the
boruontal line of traoeion being at right angle■ to each other, the sine of the aosle cqm­
prehended between their directions is equal to radiu,, and is, therefore, represented by
CA or ca. Again, the horizontal force is represented by the sine of the angle BC.,f or 
bca, which is the line }J.4 or ba, while the vertical force or gravitating power of W is 
represented in the two cues by the sines of B.4C and bac respectively, which are the 
lines BC and be. These two forces multiplied respectively by the distance at which they
act, in_a perpendicular direction from the point .4 or a, about which the wheel must re­
volve m order to surmount the obatacle, ought to give equaJ moments to those of Wmul-
tiplied by B4 and 6ca. Bence B.4. X w.. BC X P, or P==B.IJ. X Wand 6a X W= 

· BC ·�x  wbe XP,OI' P - • In order, therefore, to know the abeolute values of P and p,
be 

found
by subtracting the perpendicular height of the obetacle from the radius and B.4 it found
by •

�
btracting the square of BC f� that of AC, and extracting the �uue root of the

remainder. Thus C.41 - BC" =�- But BC =C.4- BD, therefore Be■ - C./J.1.-
BD+ BD'. Subetituting this value of BC" in the equation c'i- BC'-. �

we obtain 2 CA X BD- BY-Bl; hence B.4.-vJ C.4, X JJD-JJU. The va;lue
{ n tth r- be WX v,l C.4 X BD- BU . .o ,, ereaure, must ---;:-:;:--7:.-:::-:.-----:=":"--, which 11 nowtexrreHec' mterms of 

. BC,or (C.4-BD) 

Wx,(2rl&�•. Hence
r-i 

W x  \/'lllJa-lt'. Wx y1�,.,-_-,, v,l BA-Itt: y'2 rA-lior - ,
R-J& r-A R-A r-A 

= 
P :JI ·_ 

�.the -!'elation of line to ooaine ja the aame u that of 1anp0t to ,-diu,, •• _, �b-
•titute the proportion" P  :p-= ta•. ·DC.A : ,t-,. • We may be a..ured that thit •te-

R rment is true, when we oonaider that the centre of gravity of the wheel, wh«e �e "1P.­
an<I that 11 111118�"""pose the force P or p, to be applied, muat describe the curve CNY91 

:!1lmence i� motion in the direction CO or co, Fig. 186., and that the lft'ltelt e�ort 
ill be requlJ'ed when the centre is at Cand c .reapectivelf. Bui the 1',DP'lt CC?, whacb 

expres,es �e length of the inclined plane which the weiJht begins to �0'1Jlt, 1" of�e 
IJBIJle mqn1tude u the tancent J)T of die angle DC.4, and die auoce•••�e p�ea will .be 1119re �lyooiocidentwuh the hmiaonlal line. Ba· liof, oaa· , · . . .. 15• . • . . f:IJe.f�� p�plea,. . 



2/ Q sin. Cl 

"·hich generally is = 2/ Q sin,. ---- , ·

In or<.ler to <lra\v the cord 

�-III.? 0r ,�ht• '1, \\J C mny proceed tleterrnined the effect of ob tncle� W }11ch oppose thc roll!
e iJitlueut•e of thnl re.ihiraucc on tho q111u1uty ot Jract1011 1u ll1� nxle. 

As cnrriage wheoJs ore ordinurily constructc<l, null �!I rtNtd�, n111l �sllt't·nll ly rnilro1ttls
w consider th

, 
made (110 , .. _siatauco uf ol11;1nclu ut tl e cuc1u11 fen'lll'O 111 1111wli ntor� C'Hi,ily iI 
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i 

1 -1si,1. 1 
; ( I +fsin. ;) 

an<l in<lee<l Yery often = .2J Q sinh. ; . 

.nre cmnmon Y ·• .F" J8·.,overcon1u than tl1at yf friction at tho uuvt,. 'I'laus, 111 ,g. li5, wJtcrc the wheel 

J,'11,t. 166,. 

,,•DTE turns on its axle, ,O, the line or 8J)Okc,Dbecomes the proper representntivehofa. 
tm1>p�111.led lever, impelled at the upper end 1n theclirecuon of &tor ('aP by the resistauce
of �ncuon at ,, and nt lhe Jow·er liy the resit;tance of oppos.inf( ol>:.-1mde., (tbe n1nount of_
�•lucb reeistance hns just been smtcd,) in the tlirfCtion DH. It generally ha�p<>ns, ho,v.
ever, that, except on very rough roa1h;, tho resiFtancc from the latter cause 1s less than 
diat from the fonner. Hence1 the ,vbeel commences its forward motion sooner than the
axl� be,tins to slide in tl.te box ; !IO that its slidin� ,notion ie not ( except in case of gr.-a.t
re,:;11:,tanco at the pcrjphery), iu the tl.irt.>ction of the wng�t at, l.,ut in that of some other 
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2f sin. � 

l75 

+ --- Q is necessaryh; over the edge, force P == Q + F = 1 a 
• - sin. Cl -l f 

l><Uk of the /ot«,t line 

tion Cs Du acting of course on the arm of the lever equal in length to D1 and D, and 

penchcular to the aide of the box, and the inclined tangent Jg theri the force which ; 
presses the sur.tace causes the friction and opposes motion, is leu than when it lies on . 
the horizon�l plane tt, and the friction is d i1ninished in proportion 88 C� I is leas than 

rema1n1ng portion C. J, 1n the ratio of that line to C1 K. o \vhen the force necessaryht
surrnount the obstacle becomes infinite, the centre of the axJe will take the poeition c,, _but this can happen only when the height of the obstacle is equal to the radius of 
wheel. The tangent of the angle formed at the centre will then be infinite alao, and 

the 
the 

inwtia of tM rylittdw. 

of the wh«l lo that of the axk. 

between their diameter aud that of their axles. 

mount the obstacle ia a mittimum or zero. 

J poi,tJ lo tlte top of tJw obltack, tli,,uW 1M ravt1r 0awotlto- lute draum from tM ,a.., by 
""'-L 

F?r a rnore full expoaition of the viewa of the writer of thia note on the friction of 

2 

and inversely, to prevent the descent of the weight Q by the cord, a 

line, as IT. 

now 

The axle, then, ought to be found bearing not on the bottom, but on a p�
ofthe cylinder. Having been led to this conclusion from the theory

developed, the writer was induced to inquire of several wheelwrigh�, coach­
rnakers, carriage-smiths, and keepers of livery stables, whether they bad ever noticed the 
fact, or whether they supposed it to be true, that the axle did rest in. its box elsewhere
than on its lowest part; all, after a moment's reflection, answered, that as a force was 
applied to draw it forward, it must press and be most worn against its front and lower 
aide ; but upon examining the old axles in their posse88ion, they have uniformly found 
the above views to be confirmed by eviden<.'e which they could not doubt. Io moving a 
carriage, then the animal exerts his strength to bring the axte into su<.'h a position that it 
Will descend by the gravity of the load along an inclined plane as ifto follow some direc­
tion, as IT. If the axle be smaller than the box, so as to leave c;onsiderable space be­
tween them, the centre may retreat fro1n the vertical C D. ascen�iug at th� same !ime 

1

from C, to C,. where it exercises a gravitating force due to the weight, and 1n the direc­

which would, ifthe force P were relaxed, cause the wheel to retreat and again depress
the point m towards z, describing the portion mz of a cycloidal curve. This effect isoften 
o�erved to take place. This position of the axle likewise accounts for the ret,ograderota-­
t� of a wheel which is sornetimes observed to take place through a portion �f a  revo­
lutJo!>, �hen a heavily loeded car first passes from rough ground to smooth ,ce. The 
grav1�tJng force, wh�n the centre takes the position C,., may be resolved into C, I, pe� 

Csg. _ fgaw, � the for�e P fWID acts in the direction �J P , it tends to relieve even the 

. . . .ber. p W tang. DC.Aexpression ,ore given, viz. = --�--, will be 118 applicable to this extreme
R 

case as to any other where the height, ofobstacle is Jess.
The conclusions drawn from the foregoing remarks, are, that the friction of a roller,

moving over a horizontal surface, depends on the relation between the velocity of the 
�eriphery and that of the centre ofgravity; also, that this relatiqn between the tangen­
tial velocity and that oftransportation, will depend on the nioninat of _Again, the advantage of a wheel over a sledge, where the same materials are eJD• 
ployed to slide over each other as those which compose the box and axle, id uthlhradi.,. 

If friction wheels be employed, the ratio just stated must be multiplied by the relatiqn 

The amount of friction at the axle to be overcome by. the moving force will Ix, pro­
portional to the weight of the load, but will depend also on the obetaclea which op�
the progressive rotation, and will attain its ma.rimwn when the height of the obetacle 18 

equal to the radius of the wheel! at which moment the advantage of the wheel 10 sur­

The advantage of a wheel to overcome any obstacle ofa given height.when the plu;.eover which the wheel moves, and the line of draught, are both horizontal, will be "'!.;
tangfftt of tM angk fomud IJ,g a wrtical drawn.fro,n tM centr, of tM urlwl �F0

1M 

carriage wheels, 11ee JOtll'ftal oftlte Frat11dift 1-tih,le, voL v. p. 67.-Ax. ED• 
• 



p = [1 + 2fsin.e; (1 +/sin.e;) J Q, or more simply, ,ve may put 

other extremity of the cord m�y be in like manner calculated by the repeated 

+ 2fsin. ;)' Q ;  thereforethird Q, = (1 + 2fsin. ;) Q, = (1 , 

far as motion takes place in the direction of the force P. If we change 
, provicl-
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2/sin. � 
2force P1 = Q+ 1 + ----- is requisite; therefore approximately

1-fsin. � 
2 

P = (t + 2/sin. ;) Q, and 

Q• p :::s , or more simply
1 l + 2fsin.e= i(I + f sin. i) 

p -= Q =-= (i-2f sin. �) Q. 
, G 2l 1 + 2 f  sin.

2 

If the cord passes over several edges, tbe forces P and P at the 

application of these formulm. Let us 
Fig. 18S. 

take the simple case of a cord .IJ.BC
Fig. 188, passing over a body of 1;
edges, and at each edge making thesame small angle a. The tension ofthe fust portion of tbe cord will be Q1 

= 
(1 + 2/sin. i ) Q, that of the ex­
tremity be = Q, that of the second 

Q1 = (l + 2fsin. i) Q1 

= (1 + 2f sin.e;)' Q ;  that of the 

the force at the remaining extremity P = (1 + 2/sin. ;)0 Q, in so 

= Q 11P into Q, and Q into P, ,ve obtain P1 (1 + 2fsin. i)
ed only a motion in the direction of Q is to be prevented.

The friction F= P-Q is in the first case = [(1 +2f sin. i)"-1J 
Q, and in the second =  Q- P1 = [(1 + 2/sin. i)0 - 1J P1 ::;; 

[1 - (1 + 2fsin. i)-n] Q. 
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inch thick, pass over it, one end of which is fixed, and the other stretched by a force of 

50 lbs.'! Here P, = 50 lbs. n = 20, s,n. � = 5 = �, let us now put for / the 

rneao value 0,35, ,ve then obtain the friction wiLh which the chain acts against the wheel 
in its revolution : 

= [ c::) 20 
- 1 J 974.50 = 149 lbs. 50 = 2. 1

-----ll 

l----

� = �, whence From the smallness of � we may put the sin. 
2n 2n  2n  

If further \.V e make use of the binomial series, \.V e 

p = (1 +n  .f.:::. (f �)3 + . .  ·) Q, n-1) (11---2nr-1 ) ) + n (n (f a.( ) i 
+ 3 . 1 2 . . 1 n3 ;t ni 

P = (l +fa+ 1 (fa.Yi+ 1 . (fa.)3+ . . .  ) Q. 

+ . . . .  = ez, '"·here e denotes 1 + x + xi + But now 
1 . 2  1 . .2 . 3  

ROLLING FRICTION. 

Fig. 189.The same formulre are applicable to 
a body winding round a cylinder, and 
consisting of members, as, for instance, 
a chain .IJBE, Fig. 189, where n is the 
number of links in contact, the length 
.llB of a link = l, and the distance C.11 
of the axis .fl of a link from the centre
of the arc covered = r, ,ve then have 

• Gs1,n. - = _ l 
2 2r" 

Examplt. What is the amount of friction at the 
circumference of a wheel 4 feet in <liameter, if 
twenty links of a chain, five inches long and one 

2 48+1 49 

F =  [ (1 + 2 . 035 . 4�)
20 

- 1  J . 50 = [ ( 1 +  ::0)
00 

- 1 J . 50 

Fig. 190.§ 176. A stretched cord .llB, Fig. 190, lies 
about a fixed and cylindrically rounded body
.llCB, the friction may be like\vise found from 
the rule of the former paragraph. Here the .E. 
angle of <leYiation EDB = o.0 = the angle ACB 

,, p 
1 

at the centre subtended by the arc of the cord 
])J _ -.. \A ' _ _ _  c
;:AB; if we divide this into equal parts, and 

consider the arc .llB as consisting of n straight
lines, we have then n corners, each with a <le-

o
viation of �, and consequentJy the equation be­n vo 
tween the power and weight, as in the former §: 

= p ( 1 + 2fsin. �)II Q.2n 

(1 +1;;)" Q.P = 
obtain : 

n 
n-2= n-3 ·�ut as 11 is very great, therefore n---1 

it may be put : 
· · · = n= 

1 . .2 1 . i . 3
:r:3 



l1yp. Log. P = el"- . Q, as also Q = Pritt, lastly c, c:: J Q 

178• RlGIDITV OF CHAINS . 

the base 2,71828 . . e.
fore, it may also be put : 

of the hyperbolic system of logarithms, there.. 
p1 

2,3026= (Log. P-Log.. Q).

If the ar{of the cord is not gi\-·en in parts of tt, but in degrees, 
we have then to substitute o. = 1;�0 • J( ;  if lastly, it be expressed 
by the number of coils u., ,ve have then to put o = 2 "' u.

The formula P = el• . Q �>..""}lre�ses that the friction of t�e cord 
F = p _ Q upon a fixed cyhnder 1s not dependent on the dtameterof the same, but on the n�mber _of coils of the cord! an� moreo-ver 
sho,vs tbat it may very easily be increased, almost to 1n1in1ty. If we 
put f = ¼, ,ve have: 

For ¼ of a ,vinding P = 1,69 Q
" ½ " P == 2,85 Q

"" I P = B,12 Q
" 2 " P = 65,94 Q 
" 4 " P = 4348,56 Q, &.c. 

Fig. 191, &ample. To let tlown a al1nf\ a load P of 1200
lbs. froo, a cennin heigbt1 the rope to ,vhich th.
,veight is nttucbotl is "' rnppcd 1 I timea about n rou :
firmly clomped holder .IJJJ, Fig. 19l, and tho othn
e1lre1nity of the rope is held by the hand. w:
,vhnt force must tllis extrentity be ltretcbed thnt thJootl mny slowly nnd Wliformly de!Cend?' If we 
put rf= 0,3 we obtain this power Q = p, -J,.

1 1  333 - . 2 - - "' = 1200 •t--0, · 8 ,r = 1200 · t 40 , there-
33fore, hyp. Log. Q=hyp. Log. 1200 - - ., = 7 090140 

- 2,591S = 4,4983 . Log. Q = 1,9536, Q = 89,9 
lbs. 

§ 177. Rigidity of Cliains.-If ropes
or other �imilar bodies, &c., are placed 
over a pulley, or on the circumference of

other cylinders revolving about an axis, the cord or chain friction
considered in the foregoing paragraph ceases, because the circum­
ference of the wheel has the same ,·elocity as the rope;  but no,v the
force of bending by the winding of the rope about the �ulley, and also
that_ of u�ben<ling by the un,vinding, beco�es percepti�le. If it is achrun ,vh1cb winds round a clru1n, there arises the resistance of the
'\'inding and un,vinding manifested in a friction of the chain pins, while
these. last are revolving through a certain angle. If .IJB, Fig. 192, is
on� hnk, and BG the one lying next, if, further, C is the axis of rel"o..
�ut1on .of the wheel on ,vhich the chain stretched by the ,veight Q winds
it�elf, if, last.ly, C�I and CN are Jet fall perpenhdicularly to the lon�er 
axes of the hnks .IJ.B and BG, �[CH= �0 is the angle through which 



=.Ii Q 
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I 

of the chain : P1 . �-

�rom the last formula we obtain the force: 
3 ) . 1 1 <40,076 5 (llo+5o+P)P = (1+2 . 0,t5 . . , 

r pulle;�§ 178. Rigidity of Cords.-In bending a cord over a. 

far less degree in the unrolhng from sam takes place but in e a 
cylinders. Amo;tons and Coulomb set about measuring the amount 

RIGIDITY OF CORDS. 

the wheel revolves whilst a fresh link is 
laid on, FBG = 180°-.IJ.BE is the angle
by which the link BG with its bolt BD
revolves abeut the link ./J.B. If now BD 
=BE=r1 is the radius of the bolt, the 
point of friction or pressure D descTibes 
an arc DE='l\a, and the mechanical effect 
of friction f1 Q hereby produced at the point B is f1 Q . r1G. The force P1 ex­pended i!1 overcoming this friction,_ acting 
1n the direction of the longer axis BG,
describes the simultaneous space s= CN
times the arc of the angle .lt[CN= CN. "' and the mechanical effect = P1 • CN . G ;
by equating both labors we baveP1 • CN 

• o. =fi . Qr1a, and the required force, if 
a represent the radius of the drum CN increased by half the thickness 

Fig. 192. 

=========---

\ 

. 

Without regard to friction, the force for a revolution of the wheel 
would be P = Q, having regard to the friction in the ,Yinding up of 
the chain P = Q+ P1 = (1 +ft -? ) Q. If the chain un,vinds itselfh,
from the drum, an equal resistance takes place; if, therefore, a wind­
ing on one side, and an unwinding on the other take place, the force 
P = ( 1 +f1 �) 

2 
Q, or approximately : 

= ( 1 + 2ft :l ) Q. 

Lastly, if the pressure on the axle = R, and its radius = r., it • 
follows that the force, taking into account all resistances, is : 

P =  (1+2fi �) Q+f: R. 
Fig. 193. Exa,nplt. What is the magnitude of a force P at the ex­

tre�ty of a chujn passing over a pulley .IICB, Fig. 193, if 1.he 
We�ght Q drawing vertically downwards = 110 lbs the.,Weight of the pulley ,vith the chain 50 lbs., the radius of the 
Pi::!ley measured to the middle of the chain = 7 in., that of 
t ax.I� C J inch, and that the cl1ain bolts = f in. 1 The 
�ffic1ents of friction f = 0,075 and /1 = 0,15, therefore 

8 . 7  

the right hnnd nearly = 110 lbs. 
. 270 = 1 1 1,76 + 1,81 + 113,6 

or "f 8 . 7
' 1 We assume P onp

lbs:== 
1,0 16 . 110 + 0,0067 

ein as a resistance opposed to moti�n.wheel, rigidity comes 
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,vays at one time ,v1th the appnrahts ; o f Amontons, Fig.h1 94, where .IJB j, a rolle�vith t\vo cord ,vindi!1g round it, ten�io� 1s effected by a ,ve1ght Q, and 
the 
the rollin down of the cylinder by second one p

g a 

180 RIGIDITY OF CORDS, 

of this resi tance by experiment. The results obtnine<l by them areby no means satisfactory ; partly becau e they are not in ·ufficientaccordance with each other, and portly because they have not that'extension so desirable for practical application. I'he experiments ofCoulomb, which are those only of ,vh!ch ,ve �hall speak were mostly.,made with hempen cords, of ¼ to ! inch th1ck, nnd with pulJeys of.
from 1 to 4 inches diameter. Other exper11!1�n�s must be made be.fore ,ve can k"nO\V \,·hat is the resi ·tance of ng1<l1ty of a hempen ropeof from 2 to 3 inches thick, when wrapped round a_ dru� of from l to6 feet in height ; and also what is the aruount_ of this resistance in thecase of the wire-ropes, now come generaUy tnto use.•

Coulornb 1na�e hish experiments. in t,voFig. J94. 

which pulls, by means of a thin �tring tathis roller ; at another time, with a cylindewhich was allowed to roll upon a horizont:iline, and round which a cord ,va� ,vound
and from the differenc_e of the weights sus:.pended nt both extremities, ,vhich effected
slow rolling for,vard, and after abstraction 0�
the rolling fri<·tion, the resistance of the rigidity
was deduced.

It results from the experi�ents of Coulo!nb, that the �igidity in­_
creases equally with the tens1on of the ,v1nd1ng cord ; that 1t conRists 
moreover, of a constant part K, which is no more then might be ex�
pected, because a certain force is necessary to bend an unstretched 
cord. It also appears that this resistance increnses inversely as the 
diameter of the pulley ; that it is, therefore, with twice the diameter
of the pulley, on1y half as great ; with th�ee times the diameter, one­
third, &.c.- The relatio� betwee� the thickness and tl!e rigidity of 
the cord 1s only approximately given from theseh.experiments, since
the rig:idity depends npon the quality �f !h� material , the twi ting ofthe �tr1ngs, &c. For new ropes, the r1g1<J1ty was found proportional

4to the po\ver d1•7, for old <Jl, , d being the diameter of the rope. It is
therefore, only an approximation, ,vhen some a ume that this resist: 
ance increases proportionally with the thickness, others with the 
square of the thickness of the rope.

§ 179. The rigidity of cords may be therefore expressed by the
formula! : 

S = d" (K + ., Q), where d is the thickness of the cord' a
• the radius of the pu11ey measured to the axis of the cor<l , n, K and ,,, 

• See Appendix. 
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experi­

18 1 

'numbers from experiment. Prony deduced from Co ulo1n b s 
ments that for new cords 

8 = - (2,45 + 0,053 Q), a and d being expresse 1n 
. d 

lines, Q and 8 in pounds. These expressions refer to the Paris mea­

I ' 
be r1ng, there arises a friction f (P + Q + G� ) 

since the rigidity of �he rope must be added to this, which manifests 

RIGIDITY OF CORDS. 

d1,1
8= - (2,45 + 0,053 Q), and for old

a 
dl ,4 

l 
a• 

sure ; expressed in Prussian inches and pounds, they become, 
8= - (14,23 + 0,295 Q) and 81 = - (6 ,83 + 0,141 Q). a a

As these complicated formulre do not always give the results in 
accordance with experiment, we may, until other experiments super­
sede them, put with Ey telwein 

8= ., . : Q = 3!�� ' provided that a be expressed inah
Prussian feet, and d in Prussian lines, Q and 8 in the same weight,
which, however, may be arbitrary. For the metrical standard 
8= 18,6 . tP Q_ This formula, as might be expected, will give 

a 
satisfactory approximative results only for great tensions, as they
generally occur in practice.

The rigidity of tarred ropes is found to be about ¾th greater than 
that of untarredh; for wetted ropes, however, there is no determinate
relation of this kind • 

�ampk. With a tension of 350 lbs., and a ra�Jius �f the pulley of 2½ inches, the . _ngid1ty of a new rope of � Imes = 0178 (English) mches, according to Prony, 1s: 
S = f .  (i) 1 •7 • 14,23 + 0,295 . 350) = 0,613e. (7,0 = 28.8 lbs. ; (according to Eytel-

91 • 350weiti) S = · 24 = 38,9 lbs. Were the tension Q. only 1 50 lbs., ,ve should
3500 . 5_ 

have from Prony, S = 0,613 . 23,4 = 14,34 lbs. i from Eytelwein : = 8 1  • 24 • 3 = 16,7 
350 

lbs., therefore, here a better accordance. :We see from these examples, bow little reli• 
ance is to be plaoed on the formula. 

Remark. A farther extension of this subject, viz. in respect to the rigidity of wire 
ropes, will be given under the article, windlass and capstan. 

§ 180. Let us now app]y the formula given for the rigidity of cords,
to the theory of pulleys. The radius CJJ. of a fixed pulleye= a, Fig. 195, 
.the radius of the axle = r, the thickness of rope 
= d, the weight Q at one extremity of the cord, Fig. 195. 

---=•(wh�se weighte= G,) and the power which mnst be 
apphed to the other extre1nity to draw it slowly
up = P. Without friction on the axle, and with­
out rigidity, P would be Q, but because the 
axlehexerts a pressure P + Q + G against its 

. 

= D: A �f--- I }) - . .
Ii' '- •·. 

-which, since it acts at the radius r, makes an 
i . 

I r..- ''l' 

increase of power -l!.. (p + Q + G) ne�essary ; 

.· 16 

I 
I 



of the weight, whose arm - h, therefore, 

182 ELASTICITY AND RIGIDITY, 

itself in this, that the cord does not at once take the curvature of thecircumference of the pulley, but lays itself upon the puller with anincreasing curvature and in this manner causes an extension of the arm of Q;  the arm,' therefore, of the weight Q is not C.IJ. hut CD,and the force at the arm CB 

== C.IJ.==a, P :::s  ��h. Q -=- (1 + ��) Q- Q + S- Q + � (K+., Q). 
The complete equation between the power and the weight is now 

P - Q + � (K+ •  Q)+ -L!' (P + Q +  G).
a a 

In the wheel and axle the power P acts at a different arm a to that 
Pa - Qh + cJn (K + " Q) +fr (P + Q + G), and 
p _ �Q +  �(K+ • Q) +f r (P + Q +  G).

a n a 
Hence the force 

_ (h + " <Jn +fr) Q + <Jn • K +fr Gp - _a-fr 
Example.-A weight Q = 200 lbs. is to be raised with the wheel and axle by

power P = 50 lbs. ; s�ppose �he wheel to � I ½  feet, an<l the pivot � inch radius, an�the rope applied ½ an inch thick, and the weight of tho whole n1ach1ne 70 lbs., whatradius must we give to the axle 1 It must be :  
b = [Pa--d• (K+ , QJ-fr (P + Q+ G)]+ Q,

therefort', in numbers if we put/ =  0,075, 
b = [50 .e18-(½) • ' T . (14,23+ 0,295. 200)-0,075e. i .  320) + 200= [900-0,3U8. 73,23-12] + 200 = 865,4 + 200 = 4,3-i7 inchc:5.. 

Without additional resistances b woul<l be = Pa+ Q -=  1:; + 200 =- 0,37:i feet - 4½ inches. 

CHA PTER VI . 

E L A S T I C I T Y  A N D  R I G I D I T Y. 

§ 181. Elasticity.-The parts of a rigid body adhere to each other 
with a certain force, ,vhich is called cohesion, and which must be 
overcome when bodies are changed in their figure and extension or
�roken. !he first e�ect which forces produce in a body, is a cha�ge_h
in the position of their parts relatively to each other, and a resulting
change of form or volume of the body. If the forces acting upon a
body exceed certain li!13its, a separation of the parts, ��d a breaking
of �he whole body ultimately take place. The capab1hty of bodies,
which su�er a change of form by the action of forces, to resume per­
fectlf !heir former state after the withdrawal of the forces, is called
tlaaticity. The elasticityh· of every body has a certain limit. If the
change o� form ?r volume exceeds a certain amount, the body retains 
� alteration of its volume, even when the forces \\·hich have effected 
it cease to act. The limit of elasticity is different for different bodies. 



others easily allow of this to be brought t e h

of these separately. 
and strength of bodies, into : 1.  The absolute resistance, 

If two external forces act by tension in axis of t e e direction of th h

direction of the axis of a body by compression, so body be­that t e h

atr�th of torsion to be overcome. 

MODULUS OF ELASTICITY. 183 

Bod�es which suffer a considerable change of form before this limit _is att�1ned, are called perfectly elastic. Those, on the other hand,. 1nwhich there is scarcely any appreciable change of form precedi!-1gthe limit, are called inelutic, although in reality there exist no bodiesof this kind.It is an important rule in building and in machinery never to loadthe _materials to such an extent, that any alteration of their form shouldattain, much less exceed, the limits of elasticity. § 182. Elasticity and Strength.-Different bodies present differentphenomena when their form is changed beyond the limits of elasticity.If a body be brittle, it flies into pieces. If it be ductile, as many of themetals, it will admit of alterations of form beyond the limits of elas­ticity, without suffering a separation of its parts. Many bodies are 
hard, others soft the one opposes a great resistance to a separation 
about.• of their parts, "'h; ilst

In the restricted sense of the word, \\·e understand by elasticity, theresistances which a body opposes to a change of form ; on the other�and, by strength, the resistance which a body opposes to :1 separa­tion of its parts. We will accordingly, in what follows, consider each 

According to the way in whichand change their form and dimensions, we distinguishexternal forces act upon a body,the elasticity 
2. The relative resistance, 3. The re1istance to compresnon, and4. The resistance to torsion. 

a body, it resists by its absolute elasticity and strength any extensionor rup�ure. If, on the other hand, these forces act at right angles tothe axis of a body, the body \\1ill resist by its relative elasticity ands�ren�h any bending or fracture. If, further, two forces act 10 the 
comes either compressed or crushed, then there is the elastidty and 

. 

strength of compression to be overcome. If, lastly, forces strive to!urn a body in opposite directions about an axis, or which do not act 
1n the same plane normal to the axis, then there is the eluticity and 

� 183. .Modulus of Elastici,ty.-The change of volume within t�e 
.lunits of elasticity, i. e. the extension or compression of a body, 11pretty nearly proportional to the force exerted, but if this change ex•cee�s that limit, this proportionality ceases, and the change go�s.onrapidly to that of rupture or crushing. As a measure of the elast1c!ty,!he modulus of elasticity E, is that which expresses the fo�ce whi_ch 

18 n�cessary to elongate a prismatic body of a transverse section, un�ty�. ': e. a 1quarefoot, to double, or to compress it to o!1e-half of itsoriginal length. A different modulus corresponds to ddferent mate-
• See Appendix. 
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>. = 0,7854 

l\-lODULUS OF STRENGTH. 

t elasticity, allows Y which, without exceeding tlie luru
change of form as the modulus 

of 
of elasticity great a suppose as the init�al length .fl D � !196, ,vhich A body AC, Fig. l 

/, it therefore follows : F .  E = ). : P 

By the aid of these formulre we may calculate fro 

, v4 

o,02. 18 •  
_ 2. The modulus of elasticity of iron wire is 26325000Q lbs . . lh� , 

263200000 = 
31416 263 ,,5 (0,2)" . · . 

1156 liues. 
and �trengtli.-The force T, un1tr accumul�tee�ttons_ when its s . 

e corres�o�d1ng to thimodulus of elasticity E and the elongation � s E. This,. 1s the strain limit, for . T :  E = ,., : 

tensile strain P be = F, we have then 

be introduced into calculations under the name of modulus of wor/cir,,:; 

rials : for each substance it mu t be determined by experiment. 

184 

Fthe rest, \Ye must bear in 1nin<l tbat the mod.ul�s of elasticity onfr 
holds good for extensions and compressions w11.h1n the lirnit of ela Ysticity, and its measure is one, not of ob:,;ervation, but of h . 

pothesis and calculntio�, beeaus� it is not eas� �o find a bod� 
so 

_1''ig. 196. 

l, and the transve�·e section 1� requires for its exten­]!C = 
sion DG=l, the force E, 1f, ho,vever, 1tstrnnsverse scctio
F, that is, if it consists of F' contiguous pri·ins, this fo

n 16 

is then F . E. If, on the other hand, this bo<ly is to be 
rce 

teudecl a length DN = C.ll = "-, then for the force p 
ex. 

�l F .  E, ancl inversely, 2. ,. = P=I. That P lF .  E .  · 
The same formul.Il are also applicable to a body .flC, Fi�. 197 of th . length .IJ.D = l, and the transverse section.flB _ e 

F,g. 197· if it become shortened a length ,. by the compre;i{of a force P. 
' n 

o 78'!; 

. (.2..) 1 = 0,0218 square inche� tho required foroe o.ccordi11gly is P = ?�O
146�o000 = 442 lbs
if an iron chain, 60 fceL long anll 0,2 inches d�ok, bo strctcbCkl hy n force of 100 lL.s.

li>O . GO • 12 108000satne ,.vill be increased by a lengtb 

,..= 01013 inches0= 0

§ 184. Modulu,s of Wo rking Load
.

\Yhich a body of the transverse
extension attains the limit of elashc1ty, 1� eas1Jy determ1n�d from th

the change of volume (,.) the �orresponding forcej;1
or from the. force P the quantity of the extension or ' compression. 

Exanrplt. If the modulus of elasti�ity of bm!'l11 wit<' amoun· ts to1462:>000 lbs., ,vhnt force i� necossnry to strotcl1 r'T inch a ,v
feet in length nn<l ¼ inch io thick,1es:1? / = 6 . 12 = 60 inct�:e 5 

s, >.l >. l ,rd.t _ inch consequently - = --j further F= --=-- = ] 2  I 120 4 = 

1, the!efore, T --:
beyond which materials used 1n construction and machinery must not
b�_loaded if they are to maintain sufficient safety together \Vith dura­
b1hty. If the transverse section of a bo<ly, wluch has to sustain a 

l . P = FT, and 2. F = pr· 
':!'he force T by which we judge of the working load of bodies, may 

okae� 
4 See Appendix. 
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ture of this body, is : 

constant relation to it. 

For the second portion, whose section is F ,. Fi 

STRO�GEST FORM OF BODY. 

The modulus of strength K, which expresses the for�e by whichha _ .
body of the transverse section unity becomes ruptured, 1s enhr�ly d1_f._
ferent from this modulus.
body, or its least section 

I .  P1 = FK, and inversely, 2. F 

If the transverse section of a prismatic
F, it follows that the force, for the rup­as 

= i· 
Generally the strength of materials of constrnction and parts of 

machines are calculated by the co-efficient K, "·hich is divided for 
s�curity's sake, by one of the numbers 3, 4 to 10. This �akes little
difference in the result, as we may see froin a companson of the 
values found in the succeeding table, but the supposition is incorrect, 
or to be justified only in so far as the modulus of strength is from 3, 
4 to 10 times that of the modulus of tenacity, or generally bears a 

If the section of the body be a circle of the diameter d, we ha,·e
therefore, 

P'J.n <P f4 F -4 = F, so that d =...J ,c = 1,128 ✓F= 1,128 J T,
and hence, from the load or strain P on a body, and the modulus of 
tenacity T of its material, the strength may be found, for which the 
body \\·ill not be strained beyond the limit of_ elasticity. 

Ex,1, .t.What load will a column of fir sustain, if it be 5 inohea in breadth an� .(.
inches in thickness 1 The modulus of tenacity being taken at 3000 lbs. and the section 
F being -=- 5 . 4 -= 20 square inohea, we obtain P = 20 . 3000 == 6000 lbs. for the 
power of tenacity of this column. But if we take the modulus of strength K == 12000 

20 • 12000lbs., and assume a triple security, we obtain P == = 80000 lbs.; but to
3

maintain security for a long period, we must only take one-tenth of K, and we shall then 
have P = 20 . 1200 = 24000 lbs.-2. A round and wrought-iron pump-rod is to IU!• 
tain a weight of 4500 lbs. ; what diameter ought it to have 1 Here T = 20000 lbs., 

J 4500 {9therefore, d = J,128 = 1,128 . ,Jio == 0,535 feeL The modulus of strength�OO00 
for wrought iron of the medium kindt== 68000 lbs., and if we take one-sixth for the 

security, we then obtain K a:  10000 lbs., and d = 1,128 � == 0.756 inch, the,J10000
requisite thickness of the rod. 

§ 185. Strongest Form ofBody.-lf a verticaUy suspended prisma­.tic body, for example, a pole or cord, is ,•ery long, its weight G must 
be added to the force of rupture, and, therefore, P + G must be put 
=z 1:T: If now l be the length of the body, andh., the weight of a 
cubic inch of its mass, we have then G - FL,, and, therefore, P - F 
( T-l-,), as inversely F == p . If a body .IJ.BC • • G, Fig. 19s, 

consists of equal portions, each of the length l, its 1uccess1!e t!'911s-

18 88verse sections are as follows. The section of the first portaon 
before 

16• 



ly )2
, for the fourth F = p 

3 p = F (i + l (1 + y ) = 

+y !!.. 1-rf' or F= rF, tion 1 . ; F . + T:!_
l-y 

l ) •·•' . ( = T�lr ( the 
corresponding section. 

further, the weight of the first body is 

city or stnun i.staken at T=¼ K = 1031 lbs._ and the ,veight ofa cubic inch of wrought 1 

• 
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- F. P + Pty and ,veight Zr, p + F1lr + F,.lr = F1T, hence 2 = 
1,_ z� =F1 + 

F1l1 = p1 (i + ly ) ·  For the third portion it follows thatT- ly T-tr 

T- lr " 3 2 T- ly F1 

= F (i + ly )3 
, and generally for the nth por-1 T- lr 

. 

ly )T-l(l + 

•If l is very small, the portions therefore very short, we may then put
�)-�pF. = r (1 + 1.If the number of portions is Yery _great, or if the thickness of the_body ./JG, Fig. 199, increases uniformly from belo,v upwards 

may then (from the reasons in § 175,) put the cross section ' we 
p (a•i) ly p p .E:!_1!!! 

Fn = T . e T = T . e T = T • e T 

where e repres�nts the base 2,7182� . . h. of theNaperien logarithms, and L the entire length ofFig. 198• Fig. 199• the body.AA A body of uniform thickness to have the sam�
tenacity throughout, must have a transverse sec. 
tion F= p . If Lt is sma11 as comparedT-Lt.o I with T, � is a small fraction, so that we ruay put :'F 

G 
F, = ;[1 + �  + ½ (�)'] and 
F = ;[1 + �+ (;)], 

= F, !F• . Ly =  [1 + ½�+� (�)'];Lr ;  
and that of the second = F . Lr 
. = [1 + !;+ (;)J�Lr ;

hence the prismatic body is heavier, and on that account �ore costlythan one having at each point in its length a cross section corre..
sponding to the load it has to bear, and which may therefore be called
a body of uniform resistance, or a body of tlte strongestform. 

&anap�u.--:-1. What cross section ought a ,vrought iron sbnft 100 feet long to hav8t
'!hen beSJ�es_its own ,veigbt it has to sustain a load P=75000 lbs.1 The modulus oftena­

. 7,60 . 62.4iron )' = 
12 12 • 12 = 0,27 444 lbs. _ 

P
The section sought is F = T-L-J, = 



� 

- - -

- - -• • 

• • 
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- , square inches . = ; . e for the greatest section F. = 7,28 

1'237 

ard cast steel 

rasa wire 

11 metal • 
1590 

329 
477 

• 

pes under 1 inch • 
1 - inches · above 

3 
3 " • 

ELASTICITY AND STRENGTH. 

75000 . . .103l 1 = 7.51 square inches, and the weight of the shat\ G = F L)'
- 1200. 0,27444= 7,5 1 . 1200e. 0,27444 = 2473 lbs.-2. If we were to give to thi, shaft the form of a 

body f . F P 75000.,._o un11orm resistance, we should then obtain for the least section 1031 1  == T 
e0,001113 .=- 7 28 

7,513 square inches,eand the weighte= 

7,280,9'74",0,118 

(
7•28�7•513

) . 329,3 = 2435,5 lbs. (approxi­
mately). 

§ 186. Numerical Values.-In the following table are given the 
mean values of the different moduli, of elasticity, tenacity, and
strength of the materials most commonly occurring in construction. 

TABLE I. 

THE MODULI OF ELASTICITY AND STRENGTH. 

1'.4MK8 or THE SUB8T.41'Cl:8. 

.i- C -= CP "o .... 
t4) 

t.o :,:.-.lall-s .... C;j :,:. 0- a, .,, ;t;:: e.. ia, - • -:::, u
::s .... � • ... .4) GQ

s::: - • ..... "tl e,.; 'o �  0 1:14.2 � ..c I~ 0 !.,, - '8 .! � m -

2s 0 ... ::s 
Wl- ::sC '- � 4) 

::s- ::s a 
>4� -:J... '8

::s 
e.... 

0 i j 
1Box, oak, fir, firm Scotch Ar -

600 1856005 3094 12373 

Iron in wires • • - - • - I 
268089641250 2 1650 87645 14436 

1Iron in bars • - • • • • 29902306 20622 59805 10311 
Iron in plates • • • - • • 

1520 
26808969 56712 9280

1Cast iron • - • - • • - 17528938 14436 19592 309'1200 
1teels • • • • • • • • 30933420 37120 123700 20622835 

H 

Co - -
1- • - - • 453690164500 98987 150543 2-'740 

• 
• 
• 

•-ppere. 
Copper wire
Brass • • 

38151 6187 
?5271 12370 - -• 

• • • • • 1 
97955830 7218.. 18560 30931320 

B - - 1-• .. 149511530 20622 15271 123'70 
.742 

1 

1 

Be 

Lead • - • • • • • 

677448462358 3093 30058• 

928721779 1547• 

1Leaden wire - 3611031114- '722 2062• • 
1500

arble • • • • • •Ro" 
•-

206M • 

•-
• 2680896 2062 

• 9280 3093 
• 7218 2371 

5156 1753,. 
straps - • • • • 

• " 

299•• • 



the metals by 6, and the cords by 3. The stren�th of wires is 

the relation .!_ of the values of the fourtl1 and third columns. 

sixth column1s <lerive<l from the fifth, if ,ve divide the ,,

'fhe 

greater than that of rods, because the enveloping crust of ,v1re

·oods by 10 
l\vay� �

stronger than their nucleus. 
187. Fle.rure of Bodies.-A prismatic body ./J.BCD, Fig. 200 

s is 

§ 

by this flexure, and remains unalte�ed in 
neutral surface or the neutra
assume that there is a '\�hie� is calle<l the certain m�an Jamina 'J!L�I, 

axis of the lam1nre, ,vh1_

the convex side undergo an extens

ch 1s not strained l 

1on, and those on t�e c�ncave si<l
length, ,vbtle the lami

D
.

compression. Let .11 B C F1g. 201, be the longttud1nal sectio

n

a , 1 1

re 00 
e 
n 

./J.D = NO, &c. ; i. e. the length 

188 FLEXURE OF BODIES, 

The values contained in the second vertical column of this table, of 
the relative extension (T) at the limits of elasticity, give like\vise 

, 

NO
ened or coinpressed lamina. 
flexure had taken place ,vithout any
change of volu1ne, KL ,vould beh= 

Fig. 201. 
of the body, KL . its neutral axis,an extended and uvl a short. 

If the 

of all the lamina would be one and 
the same ; the body also would have
the form JJBCD, but because the 
body has sustained extensions and
compressions, certain lamin�, such 
as .llD, NO, &c., have undergone
the e!ongations DD1, 001, &c., and

others, as BC and UV, the compressions CC,, VV1 , &c., and the 
form of the body has changed to that ofJIBC1D In e,rery case theJ:..
elon�ations DDv 001, and the compressions CL\, VV1, &.c., are pro­
po�t1onal to the distances LD, LO, LC, L V, &c., fro1n the neutral 
ruos. But the strains in the direction of the lamin� are in the ratio
of the elongations and compressions effected by them ; ,ve must, there­
fore, assume that these strains are proportional to the distances from 

Fig• .200. 
is Jixe<l at one extremity, for in
stance, imbe<lded. in a ,valJ and a-t' the other extremity acted upon by
a force P ;  strains then take p1ac
in _this bo<ly, in consequence 0�.
,,·hich, one part 1s extended, and
the other compressed, and the ,vhole
becomes deflected. If ,ve imagine 
!he whole b�y to be decomposed_
into thin !am1nre by J?lanes parallel 
to the axis, and at nght angles to
the direction of force, ,ve may then 

• See Appendix . 

.. 
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1:hls formula holds good for each cross 
section of the body, only for l Fig. 202-
substitute its distance each time from the 

we must 

point of application L of the force P. 
The factor F1z 2 + F ,,,z,2 + . . .  is de­
pendent only on the cross section of the • __ o \L /,

1

deflected body, and may be represented /:,·.· . . -. · � - . · ·-, ' II- -/,-

'c by the letter W. Hence we may put :'.-·.',,,.. 
. .  -. K 

M = Pl = W8, and assert that the 
tension or strain of a transYerse section 
is proportional to its distance from the l 
point of application of the force. 

§ 188. From the moclulus of elasticity 
�, the Jength of fibre a at a unit of l 
distance ( an inch) from the neutral axis, 
and the elongation � 

of !he deflected body, KL = l its Jength, and �IK = AIL = P its 

= 1 E = !E_, lf, finally, we substitute this value of S in the 

formula M = WS, we have the moment Jv[ = 

The product WE is called the moment of flexure, a7id lience the 

.' . ',,. . .• •• • , 

·.- .··.·..·•. ·..... I'I
, . . . 

,vhich it undergoes, the corresponding tension 

FLEXURE OF BODIES. 

the neutral axis. If, then, we put the strain on a fibre, or layer of 
fib�es, of a transverse section equal to unity (a square inch), an� at a 
unit of distance (one inch) from the neutral axish= 8; the stram for 
the distance KN=z is 8z, and for the section F, it is F8z. If now 
the experimental number 8 represents both the extension and com•
pression, we know the sum of all the strainsh= (F1z1 +F2z2+ • .) 8,
where F1, F2, &c., are the sections and =., .:-2, &c., the distances from
the neutral axis. In ordPr that the tensions may produce no pressure,
and therefore no alteration in the length, at the extremity K of the
neutral axis, ,-.·hich we may regard as the fulcrum of a lever, the sum
of the tensions (Fz1 +FiZi + . . .) S, and therefore also F1:::1 +F2z2+ . . .  1nust be = 10 ;  i. e. tlie neutral axis or tile 11e11,lral larnina must 
pass through the centre of gravity of the cross section of the body.

We may no,v compare the condition of the body \\'itb the equi­
librium of a bent Ie,er. The force P acts at the arm KH = l, the 
moment is, therefote, M = Pl, and balances the collective forces of 
extension and compression, \vhose moments are z1 • F18z, =2 • F2Sz2,&c., or F1z1 

2 • S, }�z2
2 • S, &c. ; 

z/ 
consequently
+ F,,,z,/· + 

,ve must put
Jtf = Pl = (F1. ) . 8.. . .  

__::'\ .-. .z,.
D,<-:'.�:·;:._._.P_P._._-?: 

. .-·K -·-.
, : ,-;, • ·:

O- _ _. -D 
...,

•. - -r.. 

. ,., ' ,. . .,'
L ·.·.·/, 

�-Y 

8 = � E is known. If now .IJ.BC1D1, Fig. 202, is a short portion 

radius of curvature, we have then DD : KL = LD : JtfL, and also
001 : KL = LO : ML; i.he. 001 : z.2.. LO : p. If we now assume
LO 1 and 001 = �, we obtain � :  l = 1 : p, and hence 8= 

p 

JVE, and inversely, 

WEh= .Mp. 
p 



JVE, &c., ,ve then obtain == t 

cur-ra ure are given:  
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proauct of thi monicnt .lf an.d the radius of curuature p is equivalentto tlte moment offlexure for all cross sectio11s. 
If ,ve divide the neutral axis KL, Fig. .204, uito n equal parts, as 

Fig. 203. Pig. 204. 

LL1, L1L2
, L2L3, &c. = !,

n 
and determine the radii of curvature 

= Pi, .JltJ. £1 = p2, &c., corresponding to the e parts, the angleML1 1

of curvature LJUL1 = t,0
, L1.AI1L2 = t2°, &c., '"·hich e,·ery t,vo radii 

of cur,·ature include, are kno,vn, Yiz. IJL1 = !. = Pi t1, L L _ l 
1 .i - -

l l
n 

'll 

= p2t2, &c., and therefore 4>1 = --, t = --, &c. If, further?t p l  2 n p 2  ' 

1 
= WE,,-e substitute Pi , t2 

= 
.All

�I1l 

n JVE e

.Jl{l 

.lt,!2l &c. •' and by the sun1mation of all these angles' 412 n WE' 
we find the angle LOKh= 

_ 
-

a.O, by ,vhich a greater portion, or the
whole neutral axis, is deflected. 

§ 189. Elastic Curve.-If ,ve suppose a SJ?�l! fle�ure,_ ,ve may
take the projection CLh= KH., paralJel to the 1n1t1al direction of the
�deflected beam, and equal to the Jength of the beam itself, ancl
like\vise the projections LDi, L,D,, &c., equal to the parts LL1, L L  

. 1 2,l&c., of the neutral axis, i. e. = -, and we obtain the moments 
Pl 2 Pl 3 Pl�/1 = -, M2 = --, �L3 = --, &.c. If ,ve substituten n n

values in the formulre for q, ,  t ,  &c., then the measures of the ano-lest . 

these 

Of 1 2 b 

2 Pl2 

n2 JVE = 3 PlJ 

n,'l TVEe' &c. ;411 = 
Pl2 

n2 1VEh' 412 = ' f3 



Now a.,== LOK-
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Q Q1 U = QRK = az, and therefore the 

2 WE 

of the arc CK = a. This last is : height 

ight of the arc increases as the force and the cuhe of re, the hTherefo e
the a If "' rmulfoe have a by measurement, we may find from this 

8nd if each unit of length sustains a 

or Q1 U being put = 3- ancl tang.m 

ELASTIC CUR VE. 

= 
and by acl<lition, the measure of the who]e angle of curvature KOL 

ci of the neutral axis : 

= pzi = PP n2 Plz 
Cl n2 WE ( 1 + 2 + 3 + · · · + n) n2 WE · 2 = 2 WE · 

With the assistance of the last for-
Fig. 205•mula, "'e may now find the equation 

to . the curve formed by the neutral 
axis, KL, Fig. 205. Let us divide the
ab�ciss LN= x, commencing at the 
point L, into m equal parts, and find 
the parts of the ordinate NQ= y cor­
responding to them. Since the radius 
of curvature QR is perpendicular to 
the part of the arc the angle 

= Q1 U • 

a2 

Pr p
:::-=:=-= (1:-1 - r) ; 1t follows, 
2 WE 

p (l'-x2). If for x2we substitute suc-

QQ1, 

part QU of the ordinate y1tang. 112, 

Xa.2= a.2, QU -· 1n 
Pl1--== 

therefore, that QU =�=. 
LMQ = = ==a. - a.1 2 WE

_ 

2 TVEm 

cessively ( ,';;-) •, (!') •, (�) •, &c., we then obtain by the last formula 

all the parts ofy, and by the addition of these, the whole ordinate : 

NQ= 11 = .i" · 2;E [t>-(:)'+ "- (�)' + "-

(�)•+ . . .  ] = ;;- . 2 ;E [ml't- (:)•c1• + 2• + a• + 
;2 . . .  + m2)], i. e. y B= 2;:E (P- ) .  

By �his formula we may calculate for every absciss x
8P?nd1ng ordinate y, and likewise for the whole length CL = l, the

the corre-

Pl = Pl3 
2 WE (zt- /l

3) 
3 JVE0ae= 

the lengtl, . 

modulus of elasticity, E = Pl3 •3 1Va • • .§ 190. If the whole load is uniformly d1str1bute<l over th beam;
portion = q, there ore, 

fj
or

' 



! Pl, 2 Pl, 3 Pl, &c., the moments ½'l (�)', ½q (2 1
)\ !q (�)1 

&c., because the centres of gravity of the loads q .  � � 'l . q 3 ' l , • 

&c. lie in the middle of !, �' �, the arms are, therefore, ½ • n n n 
3 1 Hence we obtain • . �, l 

3) ,  and now fo( l3- x r x3 putting successive} 

· 3 WE ' i. e. 3 = 8 WE = 8 WE = i a = 6 WE · ¾ l

192 ELASTIC CURVE. 

the whole length l, Q = lq , we must substitute for the moments 

n n n n n ,ne

n n -,n 
· ' !

ne' 1� 

n 

· 

n -. 
½ . n

a
3 

i . �
WE '

� - �WE
qP

•1 - t . n3 WE ' •• - ½ . n3 ' t>3 
_ 
- &c. 

And therefore, 
qi' nl 

ql31 (11+21+ 31 + .  ' .+n') == ql3a =- I · ,a3 WE 2n3 WE == · a  6 wg,
and likewise, 

a1 = 6q:E ' and a, = 6 iE 
(/3 - x-1). 

Y 

From this last measure of the angles an element of the ordinate 
= � a2 = � . q 

m m 6 WE3 , (�)3 3 , we have y = � . 6 ;{rE
(:)

• 
, (2:)

3 

(13 + 23 + . . . + m3)]. [ ml3 - (�) 

. [ ml3 (
x 

)- m 

= : • 6 
iE 

( 3l -4:r:3)= qx 

6 WE 
3 m4
• 4 ' i. 

• e. y '] 

the equation of the curve sought. . 
If again we take x = l, we obtain the height of the arc 

ql ql3 Ql3 Ql3 . 

fths as great as if the load Q were suspended at the extremity of thebeam.
If the beam is loaded by a weight Q, uniformly distributed, and bya force P at the extremity, the height of the arc is then

Pl3 Q/3 (p J3 

a = 3 WE + 8 WE = Q
) WE .3 + 8 

If a beam .IJMB, Fig. 206, is supported at both extremities, andloaded in its middle by a weight P, both the extremities are deflectedupwards by the reactions ½ P and ½ P,  as was in the former case
(§ 189), the one extremity downwards, the formula then found here 
holds good, if instead of P, we put {- ,and instead ofthe whole length 

LL == l, half the length KL == ! . Hence the height of the arc is :2 
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the height of the arc of the 
beam, which is loaded at its 

If,_ lastly, the load Q = ql . 1s uniformly distributed over 
the body.1113, Fig. 207, sup-

RECTANGULAR BEArt-18. 

½ p . (½l)
3 

a = - _J- 1 6  •3 WE
Pl3 

a sixteenth of =3 WE 

extremity. 

ported at both extremities, ,ve must put in the formula a = 

Q) l38 WE 
•1n place of l, 

2
l , Fig. 201. 

in place of P p + Q and
' 2 

for Q, -�, because with2 
respect toK, the weight Q2 at 

the arm � is opposed to the
4 

reaction p! Q at the arm 
l• Consequently

2

(
p 1P

= a = 1 Q - rti) 8 ;E (P + � Q ) 48e�· 
For P = O, a = i . 

8
Ql3 

; the load is, therefore, uniformly dis-4 WE
tributed over the whole arc, and the height of the arc is i times as 
great as if the weight acted at the mid<lle of the beam. 

re§ 191 . Rectangular Beams.-In order to gi-re the relations of flexa_
of a beam or other prismatic body, and the elastic curve formed by its 
neutral axis, the transverse section of the body must be known, and
the moment of flexure JVE, calculated from it. 
F. If the section of the beam be a rectangle .fl.BCD,ig. 208, of the width .IJ.B = CD = b, the height .IJ.D Fig. 208. 

=eBC = Ii, the moment of flexure JYE = (F1 Zi2 +Ft z2
2 + . . .  ) E wilJ be known if ,ve decompose this 

cross section by Jines parallel to the neutral axis NO 
=into 2 n equal laminre, each haYing the area b .  � 

bh ;2n and determine the moments of these laminre, and 

17 

, 
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E = bh� E = bh3 . . + n2(!!_)' ( 1' + 2i + 32 + ) = '!!!_ . 
and the cube of the depth of the beam. 1, as the widt/

= 10000 lbs., what flexure "'ill it undergo? The height of the arc is a = I 

2
2 + . . . ] E =  [<P(F1 + F, + . . .  ) + 2d (F1 z1 + 

REDUCTION OF THE MOMENT OF FLEXURE. 

. I h 2  h 3  had<l them together. If "'e put successively n • 2,n · 2,n • 2 for z in 
bh . z2 E, we shall then obtain the moments of the Jamin� on one sid2n eof the neutral axis; but if \Ve double their sum, we haYe the completemoment of flexure 

� [ (!) + (!�)' + (!!)
1 
+ · · . J EWE = 2 . 

4 . 3 122nn E.· The moment of flexure, therefore, of a rectangular beam increa 

If we put this value of WE into the formula a = 
ses 

PP of § 1893 WE 
we shall obtain a = 4 . p;� , but if into the formula a =  _!_ P l3b h  48 WE-p ll of § 190, then a =  ---· Inversely, the modulus of elastic'tl y4 b h3 E 4 P l3 

a b 1,,3 for the one, andfollows from the height of the arc a E = 
P l3E =---3 for the other case.4 a b h 

.Exampk.-1. A '"rooclen beam, 10 feete= 120 in�bes in length, 8 inches in w·d 
and IO inches in height, is to be supported at both its ends, and bear a unifonu ioi:d

th' 

= lrh. 

Q l3 Q
4 6 h'J£12' = 1350000e. Now Ebeing put = 1800000 1b4 . E s. 

10000e. 120s = 50000
8 • 10se. E 32 . 8 E 

135it follows that a =  =0,1875 inches.-2. If a rectnngularcastiron bax 2 • h4 .  180 • me es 
wide ande¼ inch thick, has been defiected ¼ inch by a weight P = 18 lbs. lying in ht 6middle of it whilst the distance of the supports runounts to 6 feet, the modulus of I. . , . . P/3 18 . 603 18 • 603 e as-
tic1ty of cast iron will be E = = = = 72. 216000-bh' ¼ ,. (J.)i 44 a 4 • • � • � J. -. 

15552000 lbs. 
§ 192. Reduction of the Moment of Flerure.-lf we know themoment offlexure of a body, .JlBCD, Fig. 209

Fig. 209. about an axis N1 O1, lying without the centr'of gravity, the moment about another axis Noe 
passing through the centre of gravity 8: andrunning parallel with the former, may be f�undIf the distance RH1 = KK1 of both axes = d. 
and the distances of the elementary surface�F1 F,, &c., from the neutral axis NO = z z&c., we shall have the distances from the 1�xl� X. 01, = d + ::11 d + z,, &c., and the momentof flexure will be �E = [F1 (d + z1)2 + p(d + z2)1 + . . .] E = [F1 (tP + 2dz1 + z2 }

+ F, (d2+2dz2 + z ) 

. 



Fig. 210• 

laminre, and determine the moments of these 
about the axis N1 01 passing through the point 
0 parallel to .JlB. If h i the height CD, and s 
b the breadth .JlB of the triangular section .J1B C, we have the height of these laminre = 
h th 2 3 b b · b -, e1r engt s = -, -I h -, &c., to _ and , 

n n n n '  
their distances fromN1 n n 

h F = 3 

01 n n 
= �, F = 2 h b b areas of the laminre are F1 and their 

2 n2 n2 , 
b 

n2 , 

b h
J 

2 moments F 2 a 
z F�2 = 23 . = 33Fszs . ' = 2 �

J 

' 11

and the moment of flexure about the axis N. 0 : 
n4 = bh3 

� = b�
3 

(13 + 2 + 33 + . .  + n3) � hh3 
• 3 • 

1- Fd') E = ( b1' - 2!WWE = ( '') E = ! - t; � = , 

<lepth and width as the triangular one. But since beam the sam th1s e _ ..has double the volume it then follows that under otherwise similar 
' i of the moment of flexure of circumstances, the tria�gular beam has
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F2z2 +·. . .) + (Fz/· + F z 2 + . . .  ) ]. Bht F1 + F + . . . as the1 2 u_ 2 .sum of all the elements = the transverse section Fof the ,vhole body ;
furt�er, F1z1 + F2z2 + . . . as the sum of the moments about an axis 

2p�ss1ng t�rough the centre of gravity of the body = O, and !1z1 + 1:2 
Z2 +. . . 1s the moment of flexure WE about the neutral axis NO ; 1t
follo�s, therefore, that W1E = (F dl- + JV) E, or � = F d! + W;
and inversely, W = W. - F d!-.

The measure W of the moment offlexure about the neutral axis is
equ_al to the measure JV1 ofthe moment offlexure about a secondparallel
axis, less the product oj" the transverse section F and the square (d!) of
the distance of both axes. Hence it follows, that of all the moments 
of flexure, that about the neutral axis is the least. 

The moments of flexure of many bodies about any axis may be
easily found; we may therefore avail ourselves of these to determine,
by means of the formulre found, the moments about the neutral axis.

§ 193. To find the moment of flexure of a 
prism having a triangular transverse section
.J!BC, we must decompose this section by 
lines parallel to the base .llB into n thin 

n b 
n 

= 341
\ ?:!!., , &c., to �- From these the 

b hl
' &c.,n n" n" 

4 4n n4 

=The distance of the centre of gravity S from the point C is d 
1 h, and the area of the whole triangle F = bh

; therefore FrP = 
bh 4 h'l = 2 b h,3 

2 
2 · , and the moment of flexure about the neutral axis

9 9
NO sought is : 

a third of the moment of flexure of the rectangular beam, w�ich has 

the rectangular. 



, �-

D ;, r ·. , .. .. . .  ··· ·�·-· -

1 
l 

1 ...L, the moment F<P = ¼ 2 -b1b h( lt 2
)

2+ (bh-- Ib ) t1

- bbh3 l (bh' 2 2 ).h/ b 1 

i_; , and by subtraction ,ve 

b b1h/W = h3 - . 12 

t 
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We may find in the same manner the lllo­Fjg. 21 1 ,  ments of flexure of many other bodies us din construction. For the transverse secti
e 

of a T-shaped body .ll.1B1CD, Fig. 211,  who
on 

dimensions are .11.B = h, .IJB - .ll Rh= .ll�el . · .••·• . 
. 

1 1+ BB = bi, .IJD = BC = h an<l .IJD
BC1 C cc lLi, the 

�: , :Ci ... 0N 
B = =. '·.·  ...' =J -'' 1.I••. ' flexure about the lower edge .l11B1 

moment of= the tn 
' .-,,e.

.1 
·�,., meat of the rectangular figure .llBCD, less th;

: - �··±:.M.�' L___:_!J� moments of the rectangles ./J..1D1 and B c i
A, B °' 

J 

w: = 1 b(2ll)3 ! . bl (2 h - bh3b1�h�-
,'\". --"A'-=-'-

)31. -
l 2 }2 .2 12  - 3 .!.., 

as folJows, if �ve consider each ?f thes� rectangles as the half ofrectangles having double the height \Vltb. the neutral axis JV'h0Now the area .ll.1 D = b/1, - h1, and its moment = 1C1 b1 Fd bh 1 •  

; 

• 3:1_ = ! (bh - b1ll2 .2 
2 

1 
2) ;  hence it follows that the arm 

b h 2 

2 (bh - blhl) 

� _ hb1 12 71.#';.iriu 

1 l , 

bh'= d = 
eand the moment of flexure about the neutral axis passing through thcentre of gravity 8: 

3

h/) (bh - b1h1

- - 4 1'i1 •-:-- (bh - b1h1)
V'd,2W W1 .L'I = = -

-
2 2

)
2) - 3 (bh - b1h14 (b/i3 - b1-

12 (bh - b/t1)(bh2 - b1h12)2 - 4 bh blh l (h - '11)2 
- •

12 (bh - blhl)
§ 194. Hollow Beams.-The moment of fi�xure of a �ollo,v rectan. 

golar beam .fl.BCD, Fig. 212, 1s determinedFig. 212. if we deduct from the moment of the complet; 
beam that of the hollow part. .11.B = b is the
external breadth, and BCh= h the height and.fl B1 = b1 the internal breadth, and B1 C1 

� h
the height, ,ve then have the moments of flex:ur�b h 3 

1

blt3 

get the moment of flexure of the hollow beam 

of bothh= 12 
and 

bh
3 -_ b1h/W - _

12 
Fig. 213. We may find in an exactly similar manner the

moment of .flexure of a body .IJ.BCD, Fig. 213
hollowed out at the sides. JlB = b is the oute;
breadth and BCh= h the height; and if .llB _
.IJ..1B = b1, and B1 Cl = h1, the sum of the breadth
and 

1
the heights of both hollows, by subtraction ,ve

have again : 



= KL

a greater moment of flexur: than squ31:e ha,·� 

F and the sqnare (z2) of the distance from the neutral axis, one and 
greater resistance to flexure, the the same fibre affords, therefore, a . 

it is distant from the neutral axis. If, for example, the height further 
massive rectangular beam be equal to double its breadth b, its h of a 

. 2 bb ( 2 b )b 3 3 

· r 

The is into n equal parts, any such part DG 
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The moment of flexure of a body .IJ.BCD, Fig. 214, of a cross-
shaped section, may be obtained in the same 

Fig. 214·manner. Here .B.B = b the width, and BC 
= h the height of the middle piece, and if
Jl.1B1 - .11.B = b1 and .f11D1 = h1 are the sum
of the breadths and the height of the side ribs;
by addition we have the moment of flexure : 
w - bll,S + bih/- .

1 2
It is besides easy to see, that deep, hollow, 

and ribbed or flanged sections of the same area 
.

sections. Because this moment increases \.V1th the transverse section 

moment of flexure will be either W = = i b4 or = 12· 12= A b◄, according as we put up the beam with the lesser breadth b, 
or the greater 2 b ;  in the first case, therefore, the moment of flexure 
is four times greater than in the second. If we replace the massive 
beam of the cross section bh by a hol1ow one, whose hollow bh is 
equal to the massive part of the section b1h1 - bh, if, therefore, b1h1 

- bli = bh, i. e. bih1 = 2bh, or b1 = ✓2 and h,_ = h ✓2, we sha11 

= b ✓2 (h ✓2)3-bh3
obtain the moment of flexure of the last b1h/-bh3 

= 1
3.2" bh3 , i. e. three times as great as for the first. 

_§ 19?· Cylinders._-The moment of flexure of a cylinder is det�r­
mtned 1n the following manner . Let .11.OBN, Fig. 215, be the cir-
cular transverse section, and NO the neu- F'ig. 215·
tral axis of the cylinder. The diameter 
.11.B, divides this section into two equal 
parts, having equal moments of flexure, 
and the moment of flexure of the \.vhole 
may be found by doubling the moment of 
the half .fl.NB. The half may be divided
by sections DE, FG, &c., parallel to .RB, 
an� at right angJes to NO into thin lamina,
which may be considered as rectangular.
The moment of flexure of such a portion 

12  12 

the radius of the circularDE3
• Now C.11.= CN

12 
DEFG, 

" r "·e divide, and ifsection, a quadrant .11.N has' therefore ' the area 
2 

th· · " r1= " r 
·= 2 n2n · 

11• 



(fl GK)3 = 3
" 

DEFG = � ( . ) ..GK . . GK 

• ., 4' rmoment of flexureh= - = -◄ cos. 
3 

n 2 n 2 n 2 n 2' 
'tn 8 

= -- 1s a common factor . • 

For a tube or hollow cylinder with the outer radius r1 

om which the moment abou� fr192, § 

= ½ rcr) times the verse section F ( 
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projection parallel to CN, GH= KL corresponds to this part, andmay be determined by putting, Gllh: GDh= GKh: CG, and, there-
r GD . GK " GK H h r.,ore, GH = ____ = _ . . ence we ave ,or the mo.CG 2 n  

12 n 

ment of flexure of the part 

2n If we put the variable angle corresponding to the section GF 
_..•f(

3n 
The moment of flexure of the half cylinder wi11 be now found, if for "h

" 

n 

.11.CG=to, we shall obtain the ordinate GK=r cos. ♦, and for the last3 + 4 cos. 2 + + cos 4 9>· 
· 

8 

l n 2h n 3ues - •-, - . -, - • -, 
1 " r• . 

n t( 
_ . _ th al.t we successive1y put e v &.c., toh and 

ne�n ) 
tt r' But 
3

add the results. 
n 

have, therefore, only to consider the sum of such values
3 + 4 cos. 2 f> + cos. 4 t• The number 3 added n times gives 3 :�the sum of all values of the cos. 2 t ,vhich present themselve ' 
when t is made to increase from O successively to ;, and, there. 

s, 

fore, 2 41 from O to "' equal to �' because th� cosi�es in the second 
quadrant are equal and opposite to the cosines 1n the firsth• lastly
the sum of a11 the cosines of all angles from O to 2 " = O, h�nce thh' 
sum of all values of 3+4 cos. 2t+ cos. 4 t taken between the limits t == 
o and t = ; is = 3 n, and the measure of the moment of flexure 

. " r' nr• dof the half cylinder = . 3 n = 
8 

, an , lastly, that of the24n ,vhole cylinder : 
W= "' r◄ = 0,7854 r◄•

4 
and the.inner r1 

W= (ri•-ri/).= 
To find the moment of flexure of a body having a semi-circulartransverse section ADB, Fig. 216 wemay make use of the rule found i 

the axis NO passing through the cen. 
tre of gravity 8 is equivalent to the 
moment about the diameter .11.B con. 

Fig. 216. 

sidered as a second axis, less the trans. 
square of the distance C8 of both axes. 
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-Relative Strength.-When we know the moment of flexure § 1 96.

E in the formula for tile moment � == T. If we substitute T for 

so bolds good for a body, as in Fig. 213, hol• 80 that the formula al.lowed out at the sides. 

RELATIVE STRENGTH. 

From this we obtain the moment sought = 1 . " r4 - 1 
,c r . CSS

2 4 2 
8 ) = 0,110h. r4. 

9 112 

2 
_ 1 ,rr . ( 4 r)h (§ 108) 

2 3 " 
.rr• 
8 

== ,t r4 (!-
8 

= 

of � prismatic body, we may determine from it by simple multipli­
cahon the working load and the absolute strength of the body. If a _
single fibre, or layer of fibres, is extended or compressed to the 
limits of elasticity, the body. has then attained the limits of its 
tenacity. If we again represent by T the modulus of tenacity and 
the distance of the furthermost fibre fro1n the neutral axis by e,

� E, and �h
l 

, or the relative elongation, = h!., hence 
P 

p 

we shall have T == 
1h

P e e
<if.flexure, it toill then give the statical moment of the tenacity. We 
have Px== SW == Ew, therefore, also, Px = TW_ It is evident that e

Pthis moment is a maximum when z = l, or when the arm == l; from 
·this we may conclude, that at the extremity where the beam is fixed,
the greatest flexure ensues, and the limit of elasticity is first attained.
Accordingly, the toorking load <if a beam is determined by the
formula 

TW
P :: e l .  

In like manner, th� strength, or th� resisJance to rupture of the
beam, may be determined. If a fibre 1s strained to the point of rup­
ture, the breaking of the whole beam takes place, because the beam
has now a section smaller by the section of these fibres, and there­
fore a greater deflexion ensues, and thus a rupture of the succeeding 
fibres or layer of fibres follo,vs. If we put the modulus of strength 

E K= K, "'e have - == -, and, therefore, the force for the rupture of the 
P e

beam: 

Pe
KW 

- e z · 
In a uniform rectangular beam, the . distance of the : outermost 

h..lamina of fibres from the neutral axis·=- -, hence the formula Pl -
. . 2 

E bh3

-; · 12 (§ 191) gives the resistance to rupture 

2 K · bh3 bh1 
K.p - h . � 12z - 6l . 

61&3 1, 1. 1"l 
3 K• 
' ·If the beam 1s hollow, as in Fig. 212, we have P - 6 hl 

- ' 



K. Accor ing to this, rectan = f li, hence p - - - =  - . e 

If the cylinder is ho1low, we have Pl = 4 
1 

r 
2 . K

197. Experiments.•-To find the deflexion and tenacity § f 
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' 
-

cross section, as in Fig. 210 .cl' 
. . 

In a prismatic body of a triangularK blt3 bli" 
- J-h • 36 t .24 l

gular beams for a similar section have t\vtCe the tenacity of triangularbeams.
For a cylinder of radius r, e = 1·, therefore,

K-;: . 4 
" r" = n ....1 K4 r -Pl = 

"' (r ' - r ")
If we substitute the modulus of the ,vorking 1oad T for that of th

strength, or for K, an aliquot part, i. e. ?0th, the "'orking load 
e ,18given by the formula already found. 

beams, ,ve may make use of the experimentaJ values for E and T fn§ 186 ; but as concerns the strength of beams, it is safer to replacthe modulus of strength there given and derived from experiment:on tensile strain, by those values of K "·bich have been found fromexperiments on compression. A perfect accordance cannot eJrist 
between the moduli found by these two methods, because in rupture
not only an extension, but also a compression takes place, and both
of these not only in the direction of the axis, but also in the trans­Yerse section, though here not to the same amount. Besides, man
other circumstances affect the elasticity, tenacity and strength J
bodies, on ,vhich account, considerable variations in the results alwayspresent themselves. Timber, for example, is stronger at the core andat the root than at the sap and the top .h Timber will also bear a. . 
greater strain when the force acts perpendicular to the annual rings, 

Fig. 217. 

• See Appendix. 



than when para1lel to them. Lastly, the soil and the situation where 
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it has grown, temperature, dryness, age, &c., affect the resistance of 
body after it has been loaded f�r woods. Besides, the deflexion of a 

�ng time, is always somewhat greater than on the immediate apph­a l
cat1on of the load. 

MODULUS OF RELATIVE STRENGTH. 

Experiments upon elasticity and strain were made by Eytelwein
and Gerstner, with the apparatus represented in Fig. 217. .llB .ll1B1

the rectangular
The load P for the flexure

are two tressels, C and C1 t'\\·o iron supports. DD1beam for experiment resting upon them. 
of the body lies upon a scale-pan EE1 suspended to a stirrup MN,
whose upper and rounded extremity lies in the middle Mof the beam. 
In order to find the detlexion corresponding to a load P, Eytelwein
applied t'\\·o fine horizontal threads FF1 and G G1 and likewise a scale 
M resting upon the middle of the beam; t:onBGerstner, on the other .hand, availed himself of a long one-armed delicate lever OK, whose 
fulcrum was at .M, and whose extremity, like the hand of a watch,
�ndicated upon a vertical scale KK1 the deflexion of M to fifteen times 
its amount. 

Rm.ark. Experiments on elasticity, &c., have been made by Banks, Barlow, Buffon, 
Burg, Ebbels, Eytelwein, Finchan, von Gerstner, Gauthey, Muschenbroek, Rennie, Ron­
delet, Tredgold, &c. An ample 11t1mmary of these, and besides a theory sornewhat dif­
ferent from the above, is given by Burg in the 19th and 20th vols. of theh" Jahrbiicher 
des polytechniechen lnatituts in Wien." The experiments of Eytelwein and von Gent­
ner are described in Eytelwein's " Handbucb der Statik fester Korper," vols. ii., and in 
v� Gerstner'&h" Han�b�h der Mec�anik," vol. i. The Treatise printed from the tran1- · 
acbons of the �ssoc1ataon of Prussian Industry, "Elementare Berechnung des Wider­_
standes pns�absc�er Korper gegen Biegung," by Brix, has been used for the preparation
of the foregoing article . 

§ 198. Modulus of R.elative Strength.-The fo1Jowing table con• .ta�ns _the mean values of the �odulus of rupture for several bodies met
wit� 1n the arts. To fin�, w!th the assistance of these, the pressures_
which bodies can sustain with safety for a long duration, we musth,
put for wood the tenth, for metals and stones, from the third to the
fourth of K.• 

TABLE II. 

THE MODULUS OF FRACTURE OR MODULUS OF STRENGTH FOR THE FLEXURE· 
OF BODIES. 

Names of Modulus of Names of Modulus of 
Substances. Fracture K. Substances. Fracture K. 

Box - - - - - - 10000h10h2,000 Elm - • • - • 6000 to. 12000 
Oak .  - • - - • 8000h" 24000 Cast Iron - • • - 24000 M &WS()OO - • • 700 M J700Pine - • - - - 8000 " l 3000 Limestone
Scotch Fir • - - 7000h" 17000 Sandstone • • • 600 .. . 800 
Deal • • • - • 7000 " 14000 Brick • • • • - 180 " uo 

According to this, ,ve may assume for wood as a mean K-. 12�
and for cast-iron K.. 40000 pounds, and we shall then obta1n for a 

• See Appendix. 
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I . . . 
P�/ 

MODULUS OF RELATIVE STRENGTH. 

rectangular beam imbedded in a wall at one extremity and loaded atthe other :1 . Pl = 200 . bh2, if it consist of wood, and tenfold security be 
2. Pl=allowed. 1000 . bh2 , if the beam be of cast-iron, and fourfold security be given.If the body be cylindrical, we then have for wood3. Pl = 950 r3, and for cast-iron4. Pl = 4700 r3. 

P, l, b, h, r, have the denominations hitherto used.For wrought iron K is taken 20 per cent. less, because this bendsmore than cast iron ; here therefore we must putPl = 800 b/1,!l = 3600 r.If the load Q be uniformly distributed over the beam, the beam will bear as much again, wherefore the above co-efficients mustbe doubled. If the beam rest at its extremities on points of sup­port, whose distance is l, and if the load P act in the middle be-
tween these points, then for P we must put !_ and for l, !_, where-

2 2
fore Pl becomes Pl, and the the tenacity quadrupled. But if the4load between the points be uniformly distributed over the beam, we
then shall have for the pressure _g_' which acts from below upwards2 
at a point of support, the moment { • � ; and for the opposite 
pressure _ !{ as the half of the load pulling downwards at the2 

. Q 1 l Qlcentre of granty, the moment - ; hence- 2 . 2 • 2 = 8there will remain as the pressure for rupture at the middle, the mo..� � Ql W K als 8 �ment _ _ _  = -, and therefore Ql = 8 . 6 , o = . -br3 K,
4 8 8 4therefore the strength or t�nacity is twice a� g:eat as if the load actedat the middle, and eight times as great as if 1t pulled downwards at one extremity whilst the other remained fixed. If a beam, Fig. 218,* is imbed-

Fig. 21s. ded in a wall at both extremities, orif its extremities are fixed, then the 
IA C M D B

,.._----- beam sustains as much again as ifit rested freely at its extremities •- - -- - 1  for in this case the greatest flexur� 
•
I is not only in the middle, but like­

i(l(tjt wise at the extremities the beam,therefore, breaks at the same time in the middle and at the extremi-
;,{. p 1,p"l 

• See Appendix. 
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&ampk.-1. A rectangular beam of fir, 7 inches thick and 9 inches in depth, is to 

P = 4 7. 9�; consequently this load P = 70 . 27 = feeta= 240 inches; hence 240 • . 200 . 

of the greater side. 

STRONGEST BEAMS. 

ties ; whilst at the intermediate points C and D, where the convexity 
passes into concavity, no flexure at all ensues. Consequently, for a 

.portion .!JC, the pressure = -, the arm = -, dan the moment = pp l -
� 4 2 

l Pl 
· 4 = s· If, final1y, in this last case the load Q is uniformly distri-

Qlbuted over the beam, the moment presents itself = , because we 
16 

may suppose, that the one half of Q is immediately sustained by the 
points of support, and that the other half act� in the middle of Q_.The weight G of a beam acts exactly as 1f the load Q were d1sJn­
buted uniformly over the beam ; for a beam fixed at one extremity,
therefore, the moment = Pl + ½ Gl ; but for a beam resting on both 

. . . P l G l Gextremities and loaded 1n "ddlthe m1 e, 1t 1s = • 2 + 2 · 2 - 2 .2 

4l = (P + ½ G) 4l , &c. 

rest on both its extremities, so that the distance of the points of support may amount to 
20 feet; what load, suspended from the rniddle, will it sustain1 b = 7, h = 9, l=20 
1890 lbs.-2. A round wooden water-wheel, and its axle, 10 feet Jong, is to sustain at 
the wheel, together with its own weight, a uniformly distributed load Q= 10000 lbs.;
what diameter must the wheel have1 Ql == 10000. 120 = 1200000, == 8 .  950. r-3, orr3

1200000 3-- •= = 157,9 ; hence the radius sought r = V-157,9 = 5,4 inches; and the d1a-8 . 950 
m�ter of the axle 2 r� 10,8 inches, for which we may assume one foot.-3. To what 
?eight may t�e oorn �n a granary be heapaed up if the bottom rest upon beams of 25 feet _>n length, 10 inches 1n breadth, and 12 1n depth, the distance between the axes of any
two beams = 3 feet, and one cubic foot of corn weighs 48,5 lbs. 1 If we apply the
formula Ql = 16 . 200 . bh�, we must put b= l0, h = 12, /=25 . 12 = 300 ; consequently

16 . 200 . 10 .  144 ·Q=------ = 1.:.360 lbs A parallelop1ped, 25 feet Ion"' 3 feet broad, z ,eetd • bl r. 

deep, weighs 
300= 25 . 3 . x • 48,5 lbs.; hence, if we put this valuea= Q, it follows that 

15360x = = 4,22 feet, the requisite height to which the grain may be heaped up.7 5 .  48,5 
§ 199. Strongest Beams.-Bodies of equal section very often pos­

sess different relative strengths ; the formula Pl = K . bh2 shows that 
6 

�he strength increases, as the breadth, as the square of the depth, and
inversely as the length of the beam. The depth has consequently a 
greater influence upon the tenacity than the breadth ; a bea!ll of 
double the breadth bears twice as much, i. e. as much as two single
beams ; on the other hand, a beam of double the depth, four times 
that of a beam of the same depth. For this reason beams are iµade, 
namely, when they are of cast iron, much deeper than broad ; they are 
hollowed out near the middle and what is taken away replaced by
parts at a greater distance f�m the neutral axis ; but this rule must 
be particularly attended to, viz., always to lay the be:'m on t�e least 
side, or rather so to lay it, that the pressure may act 1n the direction__e



= p = 2 r if we compare both pressure(2 r ) r· 3 2 
• !_ = � ; K s . 

negative. 

.AB : ./JD ancl .JJN : .l:lE = .llE : .IJ.D, .IJ.B = /J = ✓ .IJ.M • .11.D = 
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The strength of a round trunk, or of any other cylindrical body, is 
P = i 

1 

. � K, that of a square with equal breadths and depths 2 r, 

l l6 3 
� . 3 = 0,588; the cylindrical body has,with each other,h!_ = 

P1 4 4therefore, only about 59 per cent. the strength of a beam ha,•ing a 
square transverse section. Wooden beams are hewn or cut from 
round trunks of trees, and thereby are much ,Yeakened. But the
question now is, which is the strongest form of beam that can be cut
from a cylindrical trunk ?

Let .llBDE, Fig. 219, be the section of the trunk, .11.D = d its
diameter, further .llB = DE = b the breadth
and .IJ.E = BD = h the depth of the beam' 
Then b2 + IL2 = <P, or h2 = d2 - b 2, and th;
moment of rupture. 

Pl = ! . bh" = : b (d2-bz). 
The problem amounts to making b ( d2 - b2) = 
bd2 - b3 as great as possible. If instead of b
we put b + x, where x is very small, we the�
obtain forthe last expression 

(b + x) <P-(b + x)3 = bd?--b3 + (d2-3 Ir) x-3 bx2,
provided we neglect F,and the difference of the two = (+ �-3b')
x + 3 bx2• That the first valu_:_bcP-b3 may in every case be greater
than the last, the difference + (<12-3 b2) x + 3 b:i'- must be put
positive, whether ,ve take b greater or less than x. But this is only
possible if d2-3 b2 = O, for the difference then = 3 bx2, therefore
positive, whereas, if �--3 b2e, is a real positive or negative value 3- ' 
br may be neglected, and the difference may be put 
x, which if x has the same 

= + (cP-3 bi)
sign, is at one time positive, at another

O, we obtain the breadth 
= 

But if we put d'1 - 3 b2 = 
d ✓½, and the corresponding depth h = ✓ d2-:::-b2 = d ✓½;sought b 

therefore, the ratio of the depth to the breadth : libt = ✓�
✓I 

= 1,414 or 
about t· The trunk must be so fashioned that it shall produce a beam
whose_ depth to its breadth is as 7 to 5. To find the section corre­
sponding to greatest strength, let us divide the diameter .llD into three 
�qual parts, raise at the points of division M and N perpendiculars 
b
£8;n<l _NE, a�d finally connect the points of intersection B and E

�1rcle with the extremities .IJ. and D of the straight line ./JDJB1n� 1s the section of greatest resistance ; for since .IJ.M : ./JB ::: 
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-:i- u = ✓ 243 ✓ 243 d ✓ ½ d3 = resistance formed from it Pl = 6 . . • 

'II' ✓ 243 
cent. of its etrength. 

d ✓-i-: .,,.., because here the breadth = the depth = d ✓½ = � K the moment Pl _ _ • - 6 

---=---= 

HOLLOW AND ELLIPTICAL BEAMS. 

✓ t d .  d = d ✓f and .11.E = h = ✓.11.N . .11.D = ✓Jde. d ==✓ i, 
therefore ! = �2, which is actually requisite. 

KRemark. The trunk has the moment of rupture Pl = 'II'
4

K 
_. .n 

trunk, therefore, loses by squaring about l - 8 . � = 1 - 01 

. r3, but the beam ofgreatest 

8 K 

65=0,35, i.e. 35 per 

-. K "3; the' 

corners rounded off. 
To spare this Joss, the trunk is ofifln hewed not quite square, but the 
A beam wilh a square section formed from the same trunk, has 

!l 2 
0,707 d, hence the loss heree= 1 = I - 0,60 =0,408 4 8 

- --- . - = l - _ ,,,6 . 2 ✓2 3'11" ✓2 
i. t.. 40 pet cent.

§ 200. Hollow and Elliptical Beams.-Very frequently bodies are hollowed at the inside or outside, and provided with ribs or flan�es,either with a view to save material, or what comes to the same thing, to gain in strength. For a hollow rectangular beam of iron P = 1000 •
bh3-b h 31lh1 , the hollow may be of the depth h1 and breadth b1, made 
within or without at the sides. For a hollow cylindrical body P = r '-r '14700 . 2 • In such cases the thickness of the solid part r1 - r9l

rl whence it followseis  commonly made = f of the outer radius r1 ; 

4100 . 0,8704 r1
3 

= 4090 �- Anequal-
: 

,�0,6r1)' = 
vr 1 

r/-
ly heavy solid cylinder has the radius r= l ✓ r/' 
P = 4100 

l. 

::-:6:--;,3 r;J- r i = ✓ r--c--1" --=o--:

= 0,8 r1 ; hence its moment of resistancee= 4700 ."(0,8 r)3 = 2406 r3,
namely, about 41 per cent. less than that of the hollo\v cylinder.We gain also in strength, when, instead of a cylinder, we apply a prismatic body with an elliptical section, and place its greater axisupright or parallel to the direction of the pressure. If \Ve suppose a circle .IJ.O1BN1 '\Yhose radius C.11. = CB = a the semi-axis major,described about this elliptical section .11.OBN, Fig. 220, the strengthof r�sistance of the body having an elliptical 

Fig. 220. sec�on may be calculated simply from that having a circular section. The length of any element DE of the elliptic elements parallel to 
its minor axis NOB= 2 b is always � of the 

alength of the circular element D1E1 ; but nowthe elasticity and strength are proportional to these dimensions singly ; therefore, also the s�rength of the elliptic element to that of the circular element, is as b to a, and, finally, the
18 

• 



b a/ K, for cast iron, 1-

hs - 3 " b1a13 Pl = bh K - " b1a1 K = 2 · b 
K

11' = 217800, we shall llave to put: -- (2500 x - 450 .wooden beame= 200 9 . 

we may therefore put: :t = 2178 + 364,5 - 25,5 + 0,7 35 :t3 = 25 5 x4 = 0,7,· 36415 

' = 01 inch for the reqws1te c ss o U'OD.-1 lll • 

(blf - b,h,')' - 4 bhb1h (h - /11)°, , Pl _ K . 

(bh, - b,h.'1')" - 4 bb, M, (h - h,)' 
Pl _ !!_ . 
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strength for the whole ellipse = b times the strength of the whole 
circle, i. e. 

a 

Pl = If • � • a3 K = " b  a2 K, for cast iron = 4700 a9 b.4 a 4
If no,v it be an elliptical hollowing whose axes are a1 and b1, there

will remain 
ba3n .Pl = 

4 a 

= 4700t. a'b - a13b1e. 
a

If, lastly, a body having a rectangular sectionFig. 2.21. .fl.BCD = bh, Fig. 221, be hollowed at the flanks 
by the semi-ellipses EFG, HKL, and if the semi­
axes of these are = a1 and b1, we shall ha,Te then 

1 6 ' 4 12 h
for cast iron 

bh3 - 4,712 a/b1•PlP= 200 /1, 
.&amplu.-1. A transverse beam of oak, 9 inches broad and 1 1  inches deep, of 

kno,vn sufficient tenacity, is to be replaced by a hollow cast iron beam, of 6 inches in 
outer breadth and 1 0  in depth; of what thickness of metal must it be cast 1- Let this
thickness = :r, we have then for tbe breadth of the hoUo,ving = 5 - x, and its depth= 10 - :r; consequently, for the hollow beam b, h/' - b9 h,3 = 6 .  103 (5 - :r:)
(10 - x)' = 2000 :r - 450 %' + 35 :rS - 2:4. Since the moment of resistance of the

1000 

. 

-

xi +  35 :z:3 - x') = 217800, or 2500 :t - 450 x' +  35e:rS - :t'  
1=0 

2187. As a first 
But this value gives 450 . %' = 460 . 0 81 -I -

2500 

approximation x_ 

I I 

251 7 7  

2178 - 0,9 inches.-- 2500
·I 

a T ha·!I
2500 

· · thi kne f '  2 II ped girder of·= 
cast iron, the breadth ..iJJ = OD= b is equal to the depth 1, 

6 

and the thickness .11., B, = CC, = ¼ b, therefore b, = f h,
and h. = t ; we shall then have for the moment of re•
sistance (§ 193) : 

Fig. 222• 

- 12 (bh - h,h,) e 
bh' - b h 1 

or by substituting e = ½ • bh _ b:h: 

- 6 bh" - b,h,.,,
(l,3-0,512 b3)'- 4 . 0,64 b•e. (b- 0,8 b)I= 1000 . 

i,3 - 0,512 b0 

= 1000 . 0,2381e-2,56 .0,04 
• bl= 135,6 . bS= 278 1,3· ·0,4880,488If. no,v su b .:n:_ its rdidd�e ���der, 4 feet in length, rest on both its extremities, and is to bear a Joad

0O lbs., Pl would then = 7400 . 4 . 12 = 355200, and therefore, 4 .278 1,:s = 355200 ., whence we should have the extreme depth and breadth b = h --.:.�3.,5200 = 6•84 iu. and the thickness of iron ¼ b = 1135 inches.l ll:l 



sin. 11 = 1, cos. a. = O, hence P = K 
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:= P cos. a., of which the one brings 

absolute elasticity of the beam. 
be the cross section of the beam 
unit of it is stretched by th; force 

and the pressure for rupture : P = 

cos. a. = 1 ,  hence P = KF, as it should be, for we have here only 
. , 

to consider the absolute stren�th. 
What <listance from each other mu'lt the JQ.inch stretchers of .ll_SB, Fi�. Example. . 

60 feet up a vein having a slope or incli-222, be laid, if it be 4½ feet wic.le, anu run for 

6 

OBLIQUE PRESSURE. 

§ 201. Oblique Pressure.-!£ the pressure P act obliquely to the 
axis of a beam, which for example is inclined to the horizon whilst
!he pressure acts vertically, we have then only to take into account 
its c?mp�nents directed at right angles to the axis. If, for example,
the inclined stretcher .flB, Fig. 223,
supports an accumulated load Q, this Fig. 223• 

may be decomposed into the compo­
�ents Q1 and N, and for an inc]ina­
t1on (I to the horizon of the stretcher, 
the pressure Qi, counteracted by the 
stretcher = Q . cos. e1, and the pres­
sure N counteracted by the lateral wall 
BC = Q sin. a. Taking the friction 
into account = Q1 = Q . ( cos. a. -j"
sin. a) and hence for a round stretcher : 

. 950 r3 Q (cos. - f sin. a.) = 8 . --, rl
being the radius and l the length of the
stretcher. 

If the pressure P be applied directly 
to the beam .11.B, Fig. 224, deviating from the axis by the angle
P.llR = a., two components present themselves, N = P sin. a. and R

into play the relative, and the other the __ Fig . .224• 

If F 
every 

p cos. a,, and, therefore, the modulus of
F 

°' elasticity K must be taken at p cos. 
F 

p cos.less ; therefore, we must substitute for K, K _ 
F 

ci, ,vhence it 

follows that : 
p sin. a, = (x -p cos. a) .!";• F el 

c;·B") �•_therefore, for a rectangular beam P sin.B.. = ( K p
K . For a.0 = 90° ,

6 l si,n. ci cos. a. 
+

bh.,. F 

O,for a.0 = O, si.71.. a. =h/1,l 
2 
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mtl.8t, therefore, only leave an interval bet\veen any two rafters of l•i,6 inches. 
]4,492 

pressure P acts upoey ond the middle.-If a § 202. Loading n b a 
point D at beam, supported at both ends, not at the middle? but at a 

beam then can .bear a greater load. According to the equality of 
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nation of 70°; the weight of a cubic foot ofthe ground to be supported being 65 lbs., the _co-efficient offriction upon the supports is taken at !1 Let x feet be the djsrance of l\vo
rafters, the weight suswned by one rat\er = 4,5 . 60 . 65 x = 17550 . :r lbs., and fro1n
the theory of the inclined plane. this rafter will have onJy to sustain the pressure Q= (iin. 70° - t COi, 70)e. 17550 :z: = (0,9397 - 01

1140)e. 17550 X = 0,8257 , 17550 
· 

54 
= 17592 ; we must,,4But the rafter sustains 8 . 950 . _ = 8 . :z: = 14492 x lbs. 

l 
therefore, put: 14492 x = 17592 and :z: = 17592 = 1,214 feet = 14,0 inches.I We 

distances DAh= l1 and DBh= l� from the pomts of support, the 

certain statical moments, the point of support .fl sustains the pres-
sure P1 = l'J P, and the point B the pressure P2 = 1

1 pll + l, ll + l
'J. >

hence the moment of rupture at the point of application D = D.ll.B. p
l l P 

1 

Fig. .2.25. = DB . p = l 9. For any tho er
2 l1 + l2. 

point E this moment EB . P1 is less,
because the arm EB is less than the 
arm DB = l2 ; the greatest deflexion 
also takes place at D, and fracture first
occurs at this point. Accordingly we

Pl l KWmust put 
l 

1l = -- or the whole 
1 + s e 

length l1 + l2 being represented by l,
Pl 

; 
l 
2 = 6 

K . bh2e
, 1

.f the beam is rectangular. The pressure P = 6 
K 

. ..!_ . bh2 is moreover = oo, ,vhen l1 or l2 very nearly = O, and is infi-l1l2 and l2 approach to equality. If, lastly, l1 
=nitely less, the more l1

l2, i. e. if the pressure P acts in the middle of the beam, P becomes 
a minimum, because, if we put l1 = ! + x and l2 = � - x, the pro-

duct forming the denominator l1 l2 = =- :tJ is always less than �' 

whether
2 
l be made somewhat (x) greater or less. A beam, therefore, 

supported at its extremities, sustains 
Fig. 226. least ,vhen the load is applied at its 

middle, and one so much the greater 
� Q- ,J · 1-t-sJ_ the nearer the load approaches one of-_.__1 the points of support. 

If a load Q be uniformly distributed

--b 
over the length c, the centre of which is 
l1 and l2 distant from the points of sup-

X--�f-- -��-IA - � �  

port .fl and B, Fig. 226, ,ve shall then 
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l at the arm l., and half the weight � because the pressure Q1 , = �

&ampk. What load does a hollow cast uon beam sustain, if its outer depth and 
breadth amount to s inches and 4 inches, and inner breadth and depth 6 inches and 

and if further tbe middle of the load, uniformly clistributed over 3 feet in 2 inchesh; 
008 point of support 4, and from the other 2 feet1 It is is distant from 
1length, 

- 2 

of Rupture.-If the beams are not prismatic, if they § 203. Plane 
ha,·e different transverse sections at different places, the plane of rup­
ture, i. e. the plane in which rupture will ensue, will no longer be 

from the extremity where the pressure acts = x, we must then put 
= - • --., an n t e nnn1mum value of - in order to le-<6 

PLANE OF RUPTURE. 

Qhave to take the difference Ql1l2 _ • � for the moment of rupture,
2 4l 

acting at the arm c is opposed to it. Therefore 

Q (ll
4 

l2_ C) = ! . blr.
l 8 6 

no2. r.= � , iur
3-b,},"' " 4 . 512-2 . 216= 

8 
inches; hence, 23 Q

2 

b,h, th l,I� c - (4 . 2er, T - 8 -
3 ) 12 - 23

6 - 8h, 

= 1000 . 202 ; and consequently, Q = 17565 lbs. 

the same as for prismatic bodies, because this place is not only de­
pendent on the arm x, but also on the transverse section. If we sup­
pose a rectangular section of variable breadth w, and height z, ancl 
assume the beam to be fixed at one extremity, and at the other acted 
upon by a pressure P, and the distance of the transverse section wz 

K wzi . . w,2P d fi cl h 
x X

termine the ,veakest part, or plane of rupture of the beam. 
�ere many cases present thems�lves ; let us consider only the fol­

lowing. Let the body JlBEG, Fig. 227, be a truncated ,vedge, or 
have the form of a prism v.,itb 
a trapezoidal base, let the Fig. 227. 

breadth DE = FG at the ex­
tremity = b, the depth EF = 
DG = h, and the distance UK
of the edge cut off from the 
terminating surface EG, = c. 
Let us now assume that the
plane of rupture NL is distant 
UV = x from the terminat­
in� surface, we shall then ob­
tain for it the depth ML = z 
= h + : h = h (1 + ;), whilst the uniform breadth is J,,fN=w=h. 

z2 = bThe value we 2 (1 + �)
2 
= bhz (! + : + �) increases and :xe

diminishes simultaneously with 1 + �, an<l is, therefore, also a mini-
x <fl

•18 
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_ + _ + _ .. __ 1s a 

unnecessarily. 

p ' ,,_ . which z has become l 6. l 
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mum, when this latter term is of the last ,·alue. But if in place of 
x, we put c + u, where u is a small number, we shall then obtain
for it : 

1 c + u  1+ _ + ! + _!_cl C clc(l + �) 
== 1 

(c 2 
1uu+ ct - 2c + ?". As now 10 this last

u1+ t1 - . . . )- c 
u 

expression u appears only as a square, it follows that every othervalue, which is obtained when the distance x is assumed greateror less than c, gives a greater value than for z - c, that con..1 z r. u, zs
sequently for z c, - + -, and, there1ore, also -- bhic2 ==- z 
(

I .2 4 /,/al •1)
C C C C 

z 
• • .F r.11m1n1mum. rom hence 1t 10 ows that' 

the magnitude of the surface of rupture - b . .2 h - 2 bh, and is dis..
tant from the terminating surface EG == bh as much again as the edgeHK of the portion cut off. 

In a similar manner, the distance of the plane of rupture from 
the terminating surface of a truncated pyramid or truncated cone is
equal to half the height of the supplementary pyramid or supple .. 
mentary cone. 

§ 204. Beams ofthe Strongest Form.-A beam, which opposes an
equal resistance to rupture throughout all its sections, of which, there .. 
fore, each may be considered as a plane of rupture, is caJled a beam 
of the st�ongest form. Of all b�ams of equal strength, the body ofequal resistance at each potnt of its length has the least quantity ofmaterial, and is, therefore, the most suitable, and that which should be
selected for architectural construction, and for machines, not only out·of regard to economy, but a1so, that the weight may not be increased 

If we put the distance of a plane of rupture from the further ex..
tremity == z, and the measure of the moment of.flexure for that section 
- W, we then have the pressure requisite for rupture P z= WKh_ Ase x  
K ui a constant factor, a beam of the strongest form � must be. ez
con�ant also, i. e. it must be of the same value for every possible

.section. If for a beam of a rectangular section the variable breadth 
- w, and the depth = " ; but the breadth at the origin, or end 
supposed fixed c:= h, and the depth there -= h, we have generally

uvsW uv' " K- 12 , and � -, hence P = -- . -, and for the origin for2 '-
X 6

Kb!,,1 

11,jf we fiake these two values of P equal, we obtain the equation 
.,,

- l ior the beam of the itrongest form. In a beam of equalz 
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v2 h2 v2. x . • ·breadth u = b 1s _ = -, therefore, _ = -, ,vh1ch 1s the equation
h2

X l l
to the parabola (§ 35, Rema�k), �nd 

Fig. 22s. points out that the long1tud1nal
section .llBE, Fig. 228, must have 
the form of a parabola whose vertex 
is the extremity or point of suspen­
sion E of the load. If the beam 
.llB, Fig. 229, rests upon its extre­
mities, and sustains a load in its 
middle C, or if a beam JJ.B, Fig. 
230, is supported in its middle C,
and two pressures, balancing each 
other, are applied at the extremities 
.fl and B, then the longitudinal pro-

file has the form of two parabolas meeting in the middle. The last 
Fig. 229. Fig. 230. 

case occurs in balances, ,,·hich, as they are ,,reakened by the holes at 
the points .11, C, B, are provided ,vith ribs, or ha,,e a middle piece JJ.B 
given to them. If the depth v = h is constanth: =  : or ;= ;, for 

the breadth u is proportional to its distance from the extremity, the 
horizontal projection, therefore, of the beam .llBD, Fig. 231, forms a
triangle BCD, and the whole beam a wedge with a vertical edge
coinciding with the direction of force. If the body .11.BD, Fig. 23.2, 
is to have similar transverse sections, we shall then have � = ;,hence 

u3u ul'h2 bh2 x · 
·hb2 = -, i. e. 

b
-

3 = -
l

, therefore, the breadth and the depth 1n-
x l 

Fig. 231. 
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2 
• en = bli ,vhence 

2 
= uv1 t and also 

2 
must be 

6 
, and 6

an<l, therefore, a tri� Ii = T' 

Fig . .235. 

BEAMS OF TllE STRONGEST FORM. 

crea_se as the cube roots of the corresponding arms. For example, a
section eight times further from the outer end than a given section,
woue_ld only have double the height and breadth of that of the given
section.

If a beam be uniformly loaded, we have the variable load Q = qx,
xe x x2qand its arm = , hence, instead of Px, we must put lYJ • - = 
2 2 

, 
2 Kx2q 

ttV 1consequently - = 

l''q 

<l h .Were the brea t 

K ak 

ble, that 1s u - b- ,  .1nvar1a.-x2· w r 
v :rwe should have h

2 

2 
, therefore, also V X 

angle .IJBE for the longitudinal section, and a ,vedge .IJBED Fi
233, for the body of the strongest form. If we take a uniform 'uepf h 

= .p

Fig. .233. Fig . .234. 

v = h, ,ve then obtain u = z2, and, therefore, for the plane a surfaceb l,
BDC, bounded by a parabolic arc, as in Fig. 234. If we again make 
similar transverse sections, then ;:= ; so that we have both in the 
vertical as in the horizontal profile, a cubic parabola, in which the
cubes of the ordinates increase, as the squares of the abscisses.

H a  body .IJB supported at both extremities, Fig. 235, is uniformly
loaded over its whole length, we
have for the moment of rupture at 
a distance from a point of support
.110 = x:  

Q X q- • x-qx . - = - (lx-r)' 2 2 2 
on the other hand for the middle
point : 

Q l Q l _ Ql _ ql2 

2 · 2-2 · 4 - s - s· 

If we suppose the boJy to be of 
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l 
h = ½ l, v• would be = lx-r, and therefore the longitudinal section 

½ 

i. e. the radii increase as the cubes of the distances from the point of 

§ 205. The Thickness of .flxles.-ln the parts of machines, as the 

b� 

3 E _ P _ !!_ 4 bhP 800000 25000 1, 1,, s 4 bh3 1 1• - • l 

• . 7000000 .. 142000 • P - 480 1• 2 r 1

The co-efficients .25000, 142000, 242000 must be multiplied by 

THE THICKNESS OF AXLES. 

bh1uniform breadth, we ha�e to put � (lx-r) == bv1 • : and q: = 
Ke l x-r, and by division "

3 = 6 h1 ¼ r• , or v' (�) (lz-r). Were
1 == 

would be a circle .f1D1B described with l as a radius, but because 
hlx-x2 must still be multiplied by (½ l) 

1 
in order to obtain the square 

v2 of every ordinate OM, this circle passes into an ellipse .llDB, whose
semi-axes are C.11 = e1 = ½ l and CD = /3 = h.

The same relations exist for bodies with circular sections as for 
those with similar rectangular sections. In the case of a beam im-
bedded in a wall at one extremity, and loaded at the other �

3 

�,== 

application. 

shafts, axles, &c., flexures may prejudicially affect the working of 
machines, by gi,·ing rise to vibrations and shocks ; and it is here,
therefore, often more desirable to determine the sections, not ac­
cording to their strength, but according to their degree of flexure. 
Gerstner and Tredgold maintain that abeam of wood, supported at
both extremities and loaded in the middle, may suffer a deflexion 
a. = � • l without disadvantage, and that such a beam of cast or 

1wrought iron can only undergo a deflexion or height of arc 11 =-= 
480 

. l. 

- ,  hence
12 

P PBut now from § 190 : a ==  
48 WE

, and from § 191 •. W == 
. 

p zs a P Pfollows the height of arc : a = -:--:-�= and - == --=-�= If now we
4 bh3 E l 4 bl,,3 E

0 

= 1800000, we obtain for wooden beams the 

=- • r .ZS 

put ; 2
�

8
, and E 

tenacity or strength at the middle: 

l" - 288 
. 

= 

1 
480

, and EF . aor cast iron T = 
1 

= 17000000, hence: 
bh3 

1 

4 bh3 

If further we take for cast iron !!:.. .. , and E-290()0000 lbs.,
l 480 

We obtain for a rectangular beam of this material : 
l,/&3P - 242000e. r . . . 

l 
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!'he 

. 9 

of the bocfy. Hence a distinction is made between the crushing strength and atreng h of rupture under compression. !
esistance to crushing r similar sections, proportionais, for l to �heir areas; for regular sections, bowe,·er, somewhat greater than for irregular, and greatest of all for circular sections. It is besides inde-
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3 ,c = 9,42, and h and b be replaced by r, for cylindrical beams as round axles, &c. The following table gives the dimensions of the transverse sections, l being expressed in feet, b, h, r in inches, and P in pounds. 
Substances. Rectangular section. Circular .ection. 

Wood • • • • • bh• == P /1 ,.._ Pr 
170- ltSOO 

Pl' 
Cut iron • • • bl&•a.- P /1  ,.._• 

980 9250 
P li Pl'Wrought iron b/ala.- ,.._1680 15800 

If the load Q be uniformly distributed over the beam, P must bereplaced by i Q, § 190, and if the ,veight of the beam be taken intoaccount, by P + I G. If it be the case of a beam which is fixedat one extremity and loaded at the other, P and l must then bedoubled, therefore, P l' to be multiplied by eight; if, lastly, the beamfixed at one extremity sustains a load Q uniformly distributed, forP P, we must substitute f . 8 QP .. 3 Qr for P r. 
Ezampln.-1. What load will a wooden beam, 20 feet long, 7 inches thick and 9

deep, reposing on both its extremities, sustain for a length of time 1 This load is p
= 170 b hS  = 170 .  72·

0
9
9 

1
- 1190e. 729 i= 2170elbs. · r 400

In § 198 p was found mi: 1890 lbs.-2. What thickness must an iron axle, 12 feet longbe cast, if the same has to sustain a uniformly distributed load Q = 40000 lbs., withou: 
any detrimental flexure 1. r' == I Qr therefore here r' =: � • 40000 • 121 

= 22815800 8 15800 • 

and r = ✓228 = 3,89 inches ; oonaequently, the thickness of the axle 2 r == 7,78,eor 
about 7¾ inches. By the formula for strength, if the modulua oftenacity of wroughtiron 

. Ql 40000 . 144be taken at J/ times that of cast iron: -= = 98,5 ;
.e
s_,e 8 .  'v' . 4700 8_14e. 4700-

hence, r � 98,5 := 4162 inches, and 2 r -= 9,24 inches. 

§ 206. Rupture by Compression.-!{ prismatic bodies are so stronglycompressed in the direction of their axes, as to amount to rupturetheir resistance to compression has to be overcom.e.. This ruptur;may take place in two ways. If the body be sh.ort, if 1t approximatesto a cube, it will fall to pieces without undergo1n� ff_exure, but if thebody is longer than it is broad and thick, flexure similar to that whicht�es. place will precede the rupture. The one kind of rupture con­sists 10 a crushing, bruising, transverse strain, or splitting asunder ofthe bodyor its parts ; the other, in a fracture or destruction of a section 
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times security, we shall then have P ;::::t 6200 95 -= 68900 lbe.--2. How • 620 • F at 

sustains a pre11111re - 5 IOO -= 255 lbs. hence we have to put 256 • 576 (00--ZJ ; 
J� 

RUPTURE BY COMPRESSION. 

pendent for the most part of the length of the body. Short wooden 
prisms split asunder in the direction of their length, or form a bulge ;
stones break into several pieces or separate along an inclined p�ane. 
Ten times the absolute strength is given to wood and stones� to iron,
only one of five times ; and to walls of rough stones, twenty times. If 
� be the modulus of resistance to crushing, and F the transverse sec­
tion of the bodies, the working load will be 
P == FK1 and F =- p, where for K1, l K to ?Ju K must be substi-K,
tuted. 

TABLE 

OF THE MODULUS OF RESISTANCE TO CRUSBJNG •e. 

Names of substances. Modulus K. Names of substances. ModuJus K. 

Be.salt • • • 27000 Brick - • • 580 to 2200 
Gneiss • - • 5100 Oak • • - 2800 " ti800
Granite - 6000 to 1 1000 - 6800 " 8000
Limestone
Marble -
Mortar -
Sandstone • • 1400 cc 

•• Pine• -" 20001500 6000 Fir- • •-• 3200e" 12000 Cast iron • 146000 
4We" 900 Wrought iron - 72000 

13000 Copper • • 
• • 

60000 

The values of K contained in the preceding table are not unfre­
quently, especially for wooden columns, applicable even when the
bodies are very long, only it has been found necessary to diminish 
these values by one, two, or three-sixths, when the columns are
twelve,etwenty-four or forty-eight . times as long as they are thick. _Accorchngly, for a column of oak, one foot thick and twenty-four 
long, K must be taken at from 2800 (1 -i) =- 1900 lbs. to 6800 . t = 4500 lbs. The formulre developed in § 185 for the transverse 
section of bodies of considerable weight, and of bodies of the strongest
form, here find their application.• 

Ezampltl.-1. What load can a round column of pin� 12 feet long and 11 inches dia• 
· 111

meter, sustain! F == • 
4 

-= 95 square inches> if we oow take for J{ a mean value 

== 6800 + SOOO 7400, and diminish the value one-sinh, because- the length ii t3
2

times that ofthe thickness, and theretbre put K sa 7400 . f - 6200 lbs.; and give • ten-

10 

_ 

thick must be the foundation waUs of a massive building of20000000 Jbe. �eight, 60 ree;
outer length, and 40 feet breadth if for this purpose we use well timahed block• 0
gneiss 1 Let z be the requisite thickness, 60 - z is the mean length, and '!)- z thi
�readth ; therefore tQ.e mean perimeter 2 (60-z + 40-z) .. 200 - ' z; if we m:)tlply this by z, we- obtain the base of the walJs (200--4 z) z square feet- !44(2�.z == 576 (50--.%) z square inches. For a twenty-fold security, a square inCh O pe181 

; 

20000ooo,w GO »-a:' 136.20000000
146880 

. . -Now z ..;  136Jz' or about � 

• See Appendix. 

50 
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n na Pa' 

; 

z= WE = _
W 
_____ E_ni_a_ g,' = 

WE n2a ' 

RUPTURE UNDER COMPRESSION. 

136 + 7= -= 2,7 feet. No,v :r:' being put = 2,7' = 71 more nccuroteJy x 
50= 2,86 feet, for which we may take 2,9 feet, = 35 inches. 

§ 207. Rupture under Compress-ion.-If a prismatic body .IJBCD
Fig. 236, be fixed at one extremity, and at the other be acted on by
a pressure P, which acts in the direction of the axis of the body, therelations of deflexion will come out otherwise than when the pressureacts perpendicular to the axis. The neutral axis KL assumes anotherform, because the arms of the pressure P are not formed by the ab­
scisses, but by the ordinates, as HK. From § 188, we have for the
angles of curvature LJIL1, L1�L,, &c., of the neutral axis KL, Fig. 

Fig. .236. Fig. 237. 

' &c., bu here thWE
M1 • LL1237' 411 =__ , 412 =WE e moments are 

P . D,L'l, &c., hence we have the measures 

WE ' i 
WE

KOL = o., L L  E 
- q,z, &c., and if 

=P • D1L1, M2

ang1es z 

�!1 = 

= 
4>i =we introduce the tangential angles L1LD1 

a. - 4>1, L3L2Es = a.= °'i =41 - f1-a.1 

_.!,_..!;.' 

a. 

we suppose only a srnall curvature, we may then write : LL 
E2Li E�-2 E3L3 & . 'f l'. 

1 -

�...;:;. = --=--=-, L L 2 3 _..a-..a.., c. , 1 JUrth 
_ 

1L, = = er we di. 
a,----t1

n<le the entire height of the arc CK = a into n equal parts, ,fe mayacl c'J., &c. = n' but DsL �then put : DJLl = eel = E2L2 = = s n ' 
D:tL3 - �' &c., and by the substitution of these values it follo,vs 

P . a . ..!!.. 2a a p ♦ - . --

n n a1

WE 
2 P a' 

1 
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, a or t 1 a -n t 2 l 2 ' -n-;;-' -- -:::W;:;::hE:::-,

The sum a 2 + . . .  = --- (1 + 2 + 3 + a • • • a 4>t cf>+ + 1 2 1 3 

and writing it in an inverse orderh= (�)
9 
(1 + 2+ . . .  +m) (�)

2

, 

. 

RUPTURE UNDER COMPRESSION. 

'h&c.,3 Pa2 

=ta 
P= -

w-
a--=-

E
2 2 Pa1 

WE n2a2
3 Pa2 

&c.W ia ,E n  
Pa'J 

WE n2 

, andmay be also found, if a be divided2Pas+ n) = . 1"
2 = WE. n2 

Pa
2 WE2 . ainto m equal parts, and any such parth-, be put = t1 =cf>-., = t,, &c. 

m 

We shaJI then obtainq,1 a + cf>s a1 + t3 a, + . . .  = ; . a+ �(a-�) 
+ � (a _ .2 a) + . . . + !!.. . !: by taking out the common factor m m m 1n  

m2 a"_ = -, and by making these two sums equal to heac hot er
2 2

= 2a-m2 

42 = �� , an equation bet,veen the angle of curvature LOKP= a.0 
, 

and the height of the arc CKh= a.
For the equation of the elastic Fig. 238•line LK, Fig. 238, let us take

LN = x and NQ = y as co-or­
dinates, and put the correspond­
ing angle of curvature LMQ =e11•
In the last equation, if we put a
for y, and y for a, we then have 
to replace the sum t1 a + q,, a1 +

42e_(Cl-a. )2
t3 a2. + . . . by 1e-; hence,

2
if we represent the supplementary
angle QSK = c:. - a.1 by a.2, we
afterwards obtain e12 

- a.2� = 
Py2h f P But�' or a.'Je' = a.2 - , and so o.'l = . ✓ a2-y .
WE � WEosince a.2 = L QQ1 T, and tang. QQ1T Fig. 239. 

= TQ = element � of the ordinate y ,veT Q1 element , of the absciss x' 
have � = f p . ✓ a'l-'!f. 

I � WE 
_If in a rectangular triangle .llBC, Fig. 239,

�th the hypothenuse .l.lB = a, the angle C.IJB
increases by a small amount B.IJB = ""0 , the 
perpendicular BC= y increases by\he amount 

19 



�- + 

-�h

= �, and the base JJ.C decreases by the amount DB= C1 , DB C

✓a2_,.,1 B 
1 

JJ.C . ✓a'-y". ence - = d h n 6 8 
BB = -, i. e. - = __ __;;._ , a

a✓ - '!r and f comparing the t,vo expressions � = J :E 1
· 

or ; = J �E• = ✓a'- 11', we obtain the equationh+ = . J -:BEB, 

of the absc1ss to the element , of the Therefore the ratio of the element 

arc + is invariable, and = J �, and hence, also, the ratio of the 

With the assistance of this Jast formula ,ve may find the ordinate 
NQ = y corresponding to any absciss LN = x,. Fig. 240. If 

and y = a, we then obtain a a l sinin this we put x = . = 
p whence it follows that , p l = sin. 1 )i e ( ) I I ( / 

✓-W-
P
E- = ; and p = (;z)

2 

JVE. l 

2 18  COLUMNS. 

then 

y . yDB1 
� � a1 

E
absciss x to the whole arc .fl = J ";, , i. e. -i = J �E ,  and 

.fl. =  x J:E . If, .finally, we substitute this value of .JJ. in the equa. 
tion BC = .11.B sin. JJ.; i. e. 'Y = a sin. .R, ,ve obtain the equation
sought : 

y = a  sin. ( x J ;E ), 

' WE. . "',._J WE 

As this formula does not con.
tain the height of the arc a it
follows that the

Fig. 240. 
_ f?rce P is capa­.

ble of ma1nta1111ng equilibrium
for every deflexion of the body
This remarkable circumstance i�
explained by the fact that an in­
crease of the arm or of the stati­
cal moment is combined ,vith an
increase of the defl.exion. Hence
therefore, the f�rce for rupture is ; 

P =  (;1
) WE. 

§ 208. Colum-ns.-If we put in the formula P = (; )'l • WE for1
bJ,3W= 12 , ,ve then obtain in P the resisting strength of a rectangular 

= 48 . 
hhacolumn P "2 

ll E. 



P = !:..

12)� = ' 8

E "' ,,. .. 3 

16 
. : . E = 31 . (:.:)' . lSOOOOO = 31 • 0,044e. 90000 = 123000 bs.; in l

-4•Ja.r =  ere He p_p_ 6 .  3t}011 = 10 3 inches= • 4 .  60000 . (30 . . ; conse� 

put = 2_ . 2800 + 6800 - 320 lbs 
4 . 

209. Tors-ion.-When § body .llBC, Fig. 242, fixed at one ex-a 
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The strength, thuefore, of a parallelopiped increases as the b�eadth_or greater dimension, and the cube of the thickness or less dimension of 
the transverse section, and inversely as the square of the length. 

If, on the other hand, we put W = i r'-, then for a cylindrical co• 

umn we have PJ = - . -· 16 li
The strength of a cylinder increases, therefore, as the fourth power

of the diameter, and inversely as the square of the length. 
For a hollo\V column with the radii r1, and r8 

• (r/-r2◄) EP =  "3 

_ 
16 t:i

If the column be not fixed at the lov.1er extremity, it will assume a
curvature B.l.l.B1, Fig. 241, by which the lower half,vi]l be as strongly
deflected as the upper, and the greatest curvature take place in the
middle. Therefore this beam must be regarded as the double of one 
imbedded in a ,vall, and for l, £ must be sub• Fig. 241. 2 
stituted, so that for the rectangular and for the 
cylindrical columns, 

,ell 'f,h3 ,c3 r'-
p = 12 . 12 E, p = 4 . p E;

in both cases, however, there is a fourfold tena­
city. These formulre, when the columns are not 
very long, give generally a greater tenacity than 
the fori:nula for the cr?shing strength, ,vherefore
the ratios of the sections are often determined 
from the last. It i s  at least advisable only to
make use of the formula for rupture under com­
pression when the length is at least twenty times 
that of the thickness, and then, further, to allow 
a twenty-fold security.• 

.&ample,.-1. For a column of .fir, 12 feet long and 11  inches thick, the tenacity is 

, 20 24 20
Example No. 1, of § 206, 58900 lbs. only, therefore about i of tl1e abov� was found.-
2r· How thick must a column of oak, 30 feet big� be in order to be able to bear a load 
0 60000 lbs. 1 

� rE 1a1 . J8s 1 • 1 bOoooo 
20 

10 

quently, the thickness is about 2e1 inches. 
- .,2 

square inches; when<-.e, r = �= 13,7 . 

The strength of crushing require!!, if E be 

320 
188the transverse section F = 60000 = 

6 

0,�64 = 7,7 inche5i and the tllickneBs 

should be 15½ inches. For thls case the first value must be ta.ken. 

• See Appendix. 

http:B.l.l.B1


torsion BD ,ve have after the Pythagorean law to put 

Therefore the force of torsion of a fibre 
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tren1ity, is acted upon by a force whose direction ]ies in  the plane
normal to the axis, and, therefore, endeavors to turn the body about
the axis, or ,vhen two forces of revolution P and Q act in different
normal planes upon a body .RB, fixed by its axis, Fig. .243, the fibres
running parallel to the axis undergo a wrenching o� torsion, the 
amount of which we wish to determine. Let .11.B, Fig. 242, be a 

Fig. 242. Fig. 243. 

fibre before, and .11.D the same fibre during the torsion, and, therefor
let the extremity of the fibre B be ad\"anced by the force of torsion �D. If now l be the initial length .llB, and ,. its extension, thereforel + ,. the length ./JD during the torsion, and if s be the correspondin' - - - g 

.11.U = .fl.JP + BD2 

(l + ,.y1 = 12 + r, or zi + 2 z,. + 1.2 = l2 + s2 , may be put approxi-
inately = ,. = :z. If further F be the section of such a fibre, we 
then have for the force required to produce this extension in the direc-
tion of the fibre 8 = ;p

i 
. F . E. But this force or tension (8) of a 

fibre is only a component of the force of torsion R, which producesbesides a further pressure N, normal to the fibres. From the simi­.
larity of the triangles RDS and BD.11., 1t follo,vs that 8 : R = s : z, 
hence 8 = Rs

l 
, and by equating both values of 8: 

= 
Fig. 244. 

R !_ .  F.  E. 
2l 

increases as the torsion (s ), and tM transverse
section F, and inversely as the le'llgth (l) ofthe.fibre. 

To find the force of torsion of a cylindrical
axle CB.fl, Fig. 244, Jet us divide its radius 
r into n equal parts, and suppose concentric
circles passing through the points of divi­
sion, so that the transverse section becomes 

. decomposed into annular elements of the 



:,,� 

r 2 3r r nr The s011d contents of these · 

E, and inversely, the measure of the � = a.,cr Pa = � (:.)" . • 

the moment of torsion : 
o. ,c E ( 

thrice as great as for the solid a.�le. 

have for its area _!_ � = • 
trip HL from the centre C, = c, and the distance KH of the ement s

• 
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-,-, - . .  
n n n 

dii' •-· n 
rthickness -, and ra
n 2 2r r(,,.)- 2 ,c , - • -

n 
&c. 

e1ements are F
I 

= 2 " , F2 = =2 " . ,,.- =,,.. n n_
n n 

24 ,c (r) , = 2 "  • 3rp3n 
r = 6 ,c (�)2 

a.0 
n 

, If all the fibres are. 
n n

twisted by the angle BCD = , they have the corresponding tor-
. r 2r 3r ·s1ons s = _ a., s = _ a., s3 = _ a,, and hence the forces o torsion f 

1 2n n n 
areh: R1 = ;:

l 
. 2h" (:)h

2 
E = a.; (:)h

3 
E, R2 = 4;

" 
(:)h

3 
E, P3 

= 
9;,c (:)3 

E, &c. If further we multiply these forces by the arms 
�, �' �,  and add together the Yalues so obtained, we have for then n n 

a.l,c (:)" (13 + 23 + 33 + . . .  + n3) E, i. e.moments of torsion Pa = 

4 4 ll n
angle of torsion : 

4 l . Pa 
G . 1t r" E • 

If the axle be hollow and have radii r and r2, we have then1 
4 PalPa = r1 - , r.o. ,c E ( ,. r •)2 there1ore a = 4 l ,c E (r " - r  ")· 

The application of hollow axles gives also with resp�ct to torsion a 
saving in material, for if we put r2 = r, and r1 = r ✓ 2, we then ob­
tain for the hollow axle, which has the same section as a solid one, 

4 l 
a. rc r" Eh= 4r" - r") = 3 .  4 l 

.' i. e. 

§ 210. For a shaft or axle of a rectangular section .llBDE, Fig.
245, the moment of torsion is found in the fol-

Fig. 245•lowing manner. If we divide half the breadth 
.!JG = b into n equal parts, and carry through 

r I. 1\1 (..the points of division the parallel planes HL, -
MN, &c., we obtain elements of equal sections, "' ...� ... 

ll ."> I �each = b . h, where h represents half the height n 
I.11.F = GCof the section. If no\v we divide one

of these elementary strips into m equal parts, we 
bh • Let the normal distance CHofthe 

m n mn -

19• 
e1 



If the axle be hollow, and the outer and inner radii be 26 and 2b 1 
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K from the normal CH, = e, then the distance of the element from 
the axis is CK= ✓c2+e9, accordingly the arc of torsion - 0 ✓c'+et,
and the moment of torsion 

== a. ✓c2 + e' • bh ✓c2 + e' • E - oJ,h (c2 + e') E.
2 l mn 2mnl 

..!.. h, � h, � h, &.c., and sum them mIf now we successively put e -

results, we have the moment of the strip :' a,l,h h1 4h1 

HL - 2mnl (CS + ms + CS + m• + c9 + 

m 

9h1 
+ • • .) Ems 

- 2°!!, [met + (�) (1 + 4 + 9 + . . . + m2)J E. 
ml

But 1 +4+9 + . . . + m1 - a' hence the moment of the strip = 
:,.� (c2 + {) E. To obtain the moments of all the strips, let us 

. b 2b 3b .
again put c = -, -, -, &.c., and again sum the results, we shalln n n 
then have : 

oJ,h 
[ 

b s (b)1 (b)2 nh1 ]+ 9 E -
2 nl (

n
) + 4 n n + · · · + 3 

t! [(!)'c1 + 4 + . . . n') + n;• ]E- ::,c: � + ";') E. 
_ a,l,h (Ir + h" · E. 
- 2 l  3 )

Generally the sections are square, and therefor� b =z h. As we 
have only considered a fourth part of the shaft, 1t follows for the 
whole shafththat :· 

Pa == 4 a.b
4 

E' 3 ' 
For a cylindrical axle Plal = GffrE j if we put .,, =- r we then4 • 

obtain Pa = 4 . 4 • °'" r4 E - 16 P1a1, the moment of the square is'3 4 l 3,c" 
therefore,h== 16 == 1,756 times as great as that of the round axle•31'
But if we make 4b' =.,c,.S, and, therefore, both sections equal, we,then 

ll• 
4 .  3l E == _ • _ .

,c 
P1a1 - -3 erefore theobt&1n PaB=- G • ,c",A ,e 4 ,c p1a1, th

4. 3 
square a.haft. is only a little stronger than the cylindrical axle. 

we th�n have : 1' 

Pa - 4oE (b 4-6 4)3 l 1 I • 
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metal at one half.• 

BREAKING TWIST. 

§ 211. Breaki,ng Twist.-When the torsion exceeds a certain limit, the fibres are torn asunder, and the cylindrical axle is twisted asunder.
For the moment of rupture of the fibre furthest from the axis ; = !, 

1 r .but � - . r a, a, r == f 2 K 1 1s also =- -:::--= == �, hence it follows that - .2 r  2 r  z � EThe statical moment of twisting for the round axle is : 
Pa =- �- ·a. - == - _ ,J 2 K __,.,c r' E " r'  J KEB. 

E 4 2 2but for the square shaft, where the greatest distance of a fibre is half the diagonal b ✓ 2, it follows thatK 2 a.1 l,J • a. b 4 b 3- =- ----,-- since - m: J K and Pa ::s � ✓ KE.E 2 r• l E 3Since the fibres are not only extended by torsion, but also com­pressed, and as we have only had regard to extension in our develop­ment, so it may be expected that the formulre found do not in their quantitative relations quite correspond with experiment and, therefore, it is necessary to take the constants E and ✓ KE from experimentsmade especially to determine them.If• b_e given in degrees, such observations admit of our putting forthe torsion : 
Substances. Circular section. Square section. 

Wood • • - . Pa = 3500 . •
0 

l 
"' 

•o

l 
b' .Pa == 5800 

0
Cast iron - • • • Pa = 160000 • "' Pa = 280000 •

0 

l1,6•I • 
• 

l - . 
Steel and wrought iron Pa = 280000 •

0 
"' Pa == 470000 •

0 

l11' 

In what relates to the strength of torsion, numerous experiments
made upon cast iron have given J �E = 30000 to 66000 lbs., if 
therefore, a five-fold security be taken, then is !! f KE == 12600 lbs.

2 �  2therefore, for the round cast iron axle Pa == 12600 r', and for the square == 15000 b3•The same formulre hold good for axles of wrought iron, but forWooden ones we may put Pa == 1260 r3 and =- 1500 bs, i. e. themodulus of strength = r1J that of iron axles. The modulus of 
strength for steel J �E must be taken at twice that of iron, andgun 

• See Appendix. 



---

_e _e

---

37500 . 375 . · th 

toothed wheel f�m the water wheel is 60 inches, the torsion of the axle == .o 

12600 l 26 ' 

-= 37000e
== 

6 _ 14,06 60 _ 
376 . · -3° 3',  therefore very considerable 4,28 4,28 l,«• 160 . 160000 r' 160000 . 

the aide 6 of the axle is determined by bt -
1� -=  

1�= == 80; hence b =: �SO 

__ ___, _ __ ..,.,,..,..,...P-..,,..-- _ __ -= 7 _ therefore, here very considerable ; 

6 --

According to Gerstner, the angle of torsion of an axle ought not to 
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.E.mmpla.-1. The iron upright axle of a turbine exerta at the circumference of a
toothed wheel of 15 inches radius reposing upon it, a force of 2000 lbe. ; what thick.

Paness muat be given to it 1 Pa == 2000 . 15 =- 37000, and if we put ,a - = 12600 
376= --. we shall obtain ,. :a � 1,44 mches; hence, e thickness of126 

the axle 2r = 2 88 inches, for which 3 inches may be assumed. Ifthe distance of the 

Pal 

-= 

-2. On a square axle of Ju, a force P .. � lbs., IICtl at an 
the load is applied at an arm of 2 feet, the dutanoe measured 

arm of 20 feet, whilst 
1n the direction of the

10 feet; how thick mmt thia ax.le be made, and how great 1S the torsion 1 Itisaxis , _ 
Pa - Qb _ 000 .  2 .  12 - 120000 inch lbs.; but the load Q - : Pa:aOOOO lbs.; half 

-= 4,31 inches, and the whole aide .. 8,62 inches. The torsion amounts to .o = 

_e

. Pal 120000 . 12 . 10 144000 
6800 . b• 6800e. 4,31' 68. 345 

0 
· • -UI 

Gene­
for this 

generaJ, leas torsion is allowed, and therefore the axles are made much stronger.
0rally, this angle does not amount to i a degree. If, however, we put a ½0-

✓P4966 - 8,4 inches 
1 

and 26 =- 144000 -= 4966, hence 6cue we shall obcain 6' -
58 • i== 16,8 inches. 

amount to more than 0,1 °.
Rtmark. If an axle has to sustain relative elaaticity and that of torsion, we muat make,the calculation for both, and apply the greater ratio of the dimensions found. 

, 
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	CHAPTER V. 
	ON THE RESISTANCES OF FRICTION AND RIGIDITY. 
	§ 154. WE have hitherto assumed that two bodies can only act upon each other by forces at right angles to the plane of contact. If the surfaces at the point of contact were perfectly mathematical, i. e. not interrupted by the smallest irregular elevations this law be fuIIy confirmed by experience; but because. certain degree of elasticity or softness, and body, even if it is smoothed or polished 
	or 
	depressions,
	would also 
	everybody 
	possesses 
	a 
	because 
	the 
	surface 
	of 
	every 

	contact, by which an adhesion of the two bodies is caused, 
	which 
	can 

	only be overcome by a distinct force, whose direction the plane of contact. 
	coincides 
	with 

	This adhesion, produced by the impression and partial penetrationof the bodies in contact, and the resistance on the plane of contact risinfrom it, as obtaied the namof friction. Friction presents itself 1n the motion of bodies as a passive power or resistance, because it only impedes and checks motion, but never produces nor promotes it. It is introduced into investigations in mechanics as a force which is opposed to every motion, whose direction lies in the plane of con­tact of two bodies. In whatever dir
	:1
	Ł
	Ł
	Ł
	Ł 

	§ 155. On overcoming friction, the parts in contact are compressed, and those which protrude, bent down, tom, or broken off, &.c. Fric­tion is not only dependent on the roughness or smoothness of the sur­faces in contact, but also on the physical properties of the bodies them­selves. Hard metals, for instance, cause less friction than soft. We can, however, lay down no general rules a priori of the dependence 
	_of fnchon on the physical properties of bodies; it is, on the cotrary,
	!l

	_h
	_h
	.

	necessary to make experiments on friction with bodies of dtiferentin order to find out the friction which 
	substan
	ces 
	takes 
	pJace 
	under 

	circumstances between bodies of the same 
	Vanous 
	substan
	ce. 
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	fŁom the otact of bopores are filletl upan<l other 
	Ł
	?
	Ł
	ies. 
	The 
	aspe
	­

	...
	nties cl1m1n1sbed, and 1n general, the further penetrationof the bo<lies 
	_by the fluid or semi-fluid unguents, 011, tallow, soap, occasion a considerable dimin
	prevented 
	such 
	as 
	fat 
	&c., 
	for 
	which 
	reason 
	these 
	utioŁ

	of friction.*
	must not, however, be confounded adhesion, that holding together of two bodies, ,vbich t�kes place ,vhethey come into contact at many points ,vithout_ rec1procal pressure.Adhesion increases ,vith the size of the surface 1n contact, and is in­dependent of the pressure, whilst the contrary is the caswith fric .. tioo. If the pressure be slight, the adhesion will be cons1<lerable proportion to the friction; but if the pressure be considernble, t11en ,vilJ constitute but a small part of the friction, and, there
	Friction 
	with 
	i. 
	e
	.
	with 
	n
	Ł 
	in
	it
	.. 

	§ 156. Kinds of Friction.-T,vo kin<ls of friction are distinguish .. able, viz., the ro11ing and the sliding. Sliding friction is that kind of resistance ,vbicb is given out ,vhen a body so moves that all its points describe parallel lines. Rolling friction, on the other hand, isthat resistance which arises from rolling, i. e. that motion of a bodywhich moves progressively and rolls at the same time, and whosepoint of contact describes as great a space upon the body in motioas upon the body at rest. A body 
	n 
	e
	e­
	C 
	de.
	1
	1
	these 

	Fig. 158. Fig. 159. 
	points of the moving body come into the sup.. port. The body .ft(, Fig. 159, on thothŁr and, ro11s upon theplane H, and has to oYercome rolling friction, ,vhen the 
	contact 
	,vith 
	others 
	of 
	Ł 
	Ł
	R
	points 

	likewise .IJ.D = .JJE, an<l BE= BD, &c. 
	1
	1
	i

	1 
	friction of axles is a particular kind of sli<ling friction, whichwhen a cylindrical axle revolves in its bearing. We distin­uitwo kinds of axles, the gudgeon and the pivot. The gudgeonag_ainbt its support or envelop, ''°bilst its other al,vays sccess1\'ely come into contact with the same points support. 
	The 
	ariŁes 
	g
	sh 
	rubs 
	points 
	u
	of 
	the 

	• '"anti-attrition ny 2 lbs.ti tin 3 lbs. 1pered orasoflened byre-melting with more tio,) now used 
	1
	he 
	metn.l." rompo.sed of copper 1 lb., antimo
	, 
	an
	(afier\va
	Ł
	dŁ tena
	very 
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	._
	eatingot gutlgt.'f.las, boxes, &c.-.AM. Eo. 
	b
	f 
	rnuclunists, ill the Uo1tetl 8tn1.es, performs the sa1ne office, and prevents 
	the 
	h

	LAWS OF FRICTION-CO-EFFICIENT FRICTION. 147 !he pivot, on the other hand, presses with its circular base againstits support, where its points revolve in concentric circles. Further, particular frictions arise when a body oscillates upon a sharp e-dge, as in the balance, or when a vibrating body reposes upon a point, as in the magnetic needle. Lastly, we distinguish the friction of quiescence which is to be overcome, when a body at rest is put into motion, from the friction of motion which opposes itself to 
	• N.
	F N F
	1 

	= , and therefore F
	F 
	= 
	-

	N.N
	l 
	l 
	l 
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	!'1 corrŁspondicertain pressure N1, we hence .find, 1f _boches, other circumstances are the same, the correspondianother pressure N when we multiply by the 
	Tf, by experiment, we have found tŁe 
	friction 
	ng 
	to
	a 
	thŁ 
	r
	ubbing 
	and 
	th
	e
	friction F 
	ng 
	to
	this 
	pr
	essure 
	rat
	io 

	corresponding to the first ,
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	Ł
	) 
	of 
	the 
	nlues 
	F, 
	and 
	N, 
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	er-

	,·ation. 
	nerally put F = f.N. .
	• 
	. 

	.
	_
	fr1c!10!1 1s different for different 
	The 
	co-effiŁi:nt 
	of 
	substan
	ces 
	an
	d

	different cond1t1ons of fr_iction, be found 
	and 
	must 
	therefore 
	out 
	b 

	body .llC is drawn a distance s over a surface, 
	When 
	a 
	there 
	is 

	Y 
	a
	mechanical effect Fs to perform; the mechanical effect quired to overcome friction is, therefore,fNs, equal to the the co-efficient of friction, the normal pressure, and the distanthe plane of contact. Wben the plane is also moving, '-Ve must understand by s the relative distance. 
	or 
	,vork 
	re
	prod
	u
	ct 
	of
	ce 
	alo
	n
	the!

	Erale.-1. 1f by a pressure of260 lhs., the friction wnounts to 91 lbs., 
	mp
	the 
	con 

	9l 7
	spontling co-efficient of friction is/= = -= To umw a. 
	sle<lg
	e 

	f
	o
	0,35.-2.
	20 
	500 Jbs. weight along a horizontal and very smooth surtilce of snow, the n force F= ?,04 . 500 = 20 lbs.-3. 1f the friction of a can drawn over a paved road 1s 0,46 nnd the load amounts to 
	co-e
	ffioien
	t 
	of
	frictio
	is/
	= 
	0,04, the 
	required 
	co-effi
	cien
	t 
	of
	600 
	lbs 
	th

	500 J08000
	500 J08000
	500 J08000
	. 
	480 
	= 


	n1echanical effect required t0 draw it 4S0 feet is = · ft. lbs. 
	/N, = 
	0,
	45 

	§ 159
	§ 159
	. 


	The .llngle of Friction and the Cone of Friction.Fll, whose angle of inclination 
	-A 
	bod
	y 
	FIIR 

	.
	.
	Fig. 161. 

	weight G resolves itself the normal pressure .N = G cos. into the sin. athe first force there arises friction F = fG cos. a., which is op­to every motion upon the wherefore the force to push it upwa
	= 
	o., its 
	into
	a. 
	an
	d
	parallel 
	force 
	P 
	= 
	G
	.
	From 
	the
	posed 
	pla
	ne
	rdŁ 

	on the pJane = F + P =f Gcos. a.+ G fcos. aG, on the other hand, the force to push it do\vnwards is = F-P = os. Ł-:-sin. a.) G Ł the last force is null, i. e. thŁ body is sustaiby1ts friction sin. o. = fcos. o, i.e. whŁn the 
	sin. 
	a.= 
	(sin. 
	a.+
	)
	(f 
	Ł
	ned
	on 
	the plane, when 
	tang.

	0 
	=f. As an angle of 
	long 
	as the 
	inclined 
	plane 
	has 
	inclinat
	ion

	'
	'

	tangent is f, body remains at rest on the plan
	,vhose 
	less 
	than 
	the 
	e

	t _cn the tangent of this angle is a little greater thanf, the bodymmedately whose tangent is 
	Ł
	u
	wh
	i
	i
	Łegins 
	to slide 
	do\'\"D. 
	The 
	angle, 
	equa
	l 

	tŁ ent of friction, is callethe angle of angle _The co-efficient of friction is given by observing the angle
	the 
	co-effici
	d 
	friction 
	or the 
	poŁe. 

	f tang. p.
	0
	Ł
	e

	o r1ct1on P (for the friction of repose), "·henfis 
	put 
	= 
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	In consequence of friction, the surface FH, Fig. 162, reacts notonly against the normal pressure Nof another 
	Fig.t162• 
	Fig.t162• 

	body AB ; but also against its oblique pres
	body AB ; but also against its oblique pres
	-

	------.

	sure P, when the deviation NBP = gi of the direction of this pressure from the normal BNdoes not exeeed the angle of friction, for since the force P gives the normal pressure BN = 
	P. cos. ct>, and the lateral or tangential pressureBS= 8= Psin. q,, and there arises from thenormal pressure P cos. q, the friction f P cos. q,opposed to every motion in the plane FH, 8 ,vill therefore to give rise to motion, 
	be 
	unable 

	4>is<f,or4>< p. Iftheangleofrepose CBD=pbemadeto revolve cone, which wemay call thecone of friction or ;esistance. Thecone ofresistance includes allperfect counteraction oftheob­
	lique pressure takes place. 
	Example. To draw a fiUeu cask \veigbing 200 lbs. up an inclined ,vooden pŁane of 50, the fbrce required with a co-efficient of friction=0,48 is=P= cos. "sin.") G (0,48 ros. 50+ nn. 50). 200 = (0,308 + 0,76ti) . 2fJ0 = 215 lbs.; to let it dow_n, or to prevent its sliding down, the foroereq_uired, on tbe other band, is: (P=/cos.e"' -sin. a)
	° 
	/
	(/
	+
	= 
	° 
	°

	G=(sin. 50-0,48 . co,. 50)200 =-(0,766 -0,308)t. 200 = -91,5 lbs
	-
	° 
	°
	. 

	§ 160. Eeriments on Friction.-Experiments on friction havebeen made by many philosophers, the most extensive of which, and on the greatest scale, are those of Coulomb and :Aforin. To find outthe co-efficients of friction for sliding motion, these two made use of a sledge sli�ing on a horizontal surface, which was pulled forward by a cord, passing over a fixed pulley, from which weights were sus­pended, as in Fig. 163, where .11.B represents the ,vay, CD the Ethe pulley, and Gthe weight. To obtain the co-eff
	xp
	sledge,
	Fig. 163. 
	tion for different substances, the 
	D

	friction of repose were given by the weight which the sledge to pass from a state of rest into 
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	to 
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	P + G 2s
	2s . P 
	2s . P 
	is Łade use
	.

	pulley .ll.CB, of, 
	Fig. 164, 
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	r

	Fig. 164. which a cord passes, which 1s stretched by theweights Pand Q. �ro°;l the sum of the weights, the pressure P+ Q1s given, and from their dif­ference P-Q the force at the circumference ofthe pulley, which is in equilibrium with the fric. tion of the axle, Ff ( P + Q), if now C.11. === 
	= 

	.A 
	.A 

	the axle, we have from the equality of 
	mome
	nts 

	R 
	R 

	f f=
	b 
	b 
	• 
	P-Q a
	• the
	r
	' 
	on 

	0. 
	r..

	t e 1r1chon o repose; 
	Q
	Q
	p 
	+ 


	other hand, for that of motion, if the ,veight P falls a space s in 
	th
	e 

	P + gt r 
	P + gt r 

	Remark. Before Coulomb, Amootons, Camus, BillJilnger, Muschenbroek, Fergnsou Vince, their attetlon to and made experiments on friction
	and 
	others 
	turned 
	o
	. 

	The re: :.ults of all these investigations are of little alue in practice, because tJ1ey ,vere ducted upon too s1nall a scale. The experiments of Ximenes, which ,vere made abouL I.ho same time as those of Coulomb, a1so fail in this respe<:t. The resultS are to be found in a work, « Teoria. e Pratica delle resistenze de' solidi no' loo attriLi," Pisa, 1782. The 
	v
	con­
	r

	11
	11

	experiments of Coulomb are fully described in his ·work,ples," 1821. The latest experiments upon friction 
	are those of Rennio and Rennie used for his experiments partly, a sledge upon a horizontal surface, upon an inclined plane, from which the bodies ,vere allowed to slide down, which the amount of the friction was deduced from the angle of friction. Rennie's periments extend to substances of various kinds met with in practice, as wood, stones, and metals; they give important results upon the abrasion of bodies from the apparatus and thmode of oonduting these experimenŁ, ,ve cannot rely Łthem for that accuracy
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	EXPERIMENTS ON FRICTION. 
	§ 161. The following tables contain a condensed summary of the -e.fficients offriction the most useful in practice. 
	co

	TABLE I. 
	CO-EFFICIENTS OF THE FRICTION OF REPOSE. 
	Nature of the surfaces and unguents. 
	Nature of the surfaces and unguents. 
	Q) >.
	-.II)
	..: 
	·-
	0 
	!

	CIS 

	Jf.lXES 01' BODIES. Si>
	..c: 

	Q)
	Q)
	·--d 
	·-
	Ł 
	I> 
	Ł 
	. 
	"O 

	-.. 0 Ł C
	Ł 
	lit 
	0 
	j 
	-
	t-
	as

	A iii
	"O 
	.d 
	"O 

	Q)
	Q) -E-. 
	·-
	A

	s:::.. 
	Ł 
	-;1
	·-

	E 
	-
	-


	"least, 
	mean,
	mean,
	Wood upon wood • 

	• greatest,
	values, 
	-

	"least, 
	mean,
	mean,
	Metal upon • 
	metal 


	• greatest,
	•values, Wood upon metal . • --• --
	-

	'least, 
	'least, 
	Hempen ropes, twisted 

	mean,
	or matted, upon wood• greatest, 
	values, 
	.. 

	hick sole leather, upon T high at the edges, 
	{

	wood or iron fatlor smooth, 
	Black strap leather, of wood, upon pulleys of iron, 
	I

	stones o, bricks upon ileast,
	stones or bricks, greatest,
	smooth worked value, 
	least,tones and wrought iron 1 greatest, 
	s

	value, 
	Oak upon mwehekalk --• • • 
	-
	0,30 
	0,65 
	-
	0,50 
	0,68 
	-

	0,21
	-
	0,70 
	0,70 
	0,71 
	-

	-0,11
	-0,11
	-0,11
	0,15 

	-
	0,12 
	0,10


	0,18 0,24 0,16 0,60 0,65 0,10 0,12 0,63 0,87 
	-

	0,80 
	0,80 
	0,80 

	-
	-

	0,43 
	0,43 
	0,62 
	0,12 

	0,62 
	0,62 
	0,80 
	0,13 

	0,47 
	0,47 
	-
	-
	-

	0,54 
	0,54 

	0,67 
	0,67 

	0,75 
	0,75 

	0,42 
	0,42 

	0,49 
	0,49 

	TR
	·' 

	0,64 
	0,64 
	• i',. · 


	0,14 0,22 0,30 0,19 0,36 0,35 
	0,25 0,44 0,40 
	-
	0,11 0,15 
	-
	0,12 0,10 
	-
	--0,28 
	. ' 
	' . 
	.. . , 
	"O 
	Cl, 
	-
	Q) 
	"O
	C
	as 
	:,.. 
	-
	-
	-
	-
	0,27 
	0,38 
	. .·.. :•'•. Ł 
	, 
	. 

	. 
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	TABLE II. 
	CO-EFFJCIENTS OF TUE FRICTION OF )fOTION. 
	-
	-
	Naune of tho surfaceŁ and 
	unguent
	s . 

	•
	"'O :,:. 
	Ł Ł Cl) 
	Cl)
	-

	• Cl)

	1'£llfE8 OJ" BODlJ.$. d
	0 
	.tJ 
	t,.. 
	ti 
	:..
	.,. 

	... 6g.
	Ł
	A 
	Ł 
	Figure
	-
	:0 

	Cl) 
	Cl) 
	...
	-; 
	Ł 
	C

	j "t:l 
	Sl

	-
	£,-4 A 
	Ł 
	t-
	t-


	14 A
	"0 

	.!!1 Ł 
	'"' 
	-

	j i 
	Figure
	-

	-
	0,06 0,00 
	-

	0,07 0,0?0,07 0,08 

	-
	-
	-

	Figure
	'least, 
	'least, 
	0,20 

	0,14 0,08
	0,15 0,12 
	-
	-

	0 30 0,25
	I
	I

	0,4E 
	-
	-
	-


	W()(t(l upon "·ootl 
	-
	-
	-
	. 
	tnean,
	greatest, 
	Ł vnlue, 
	0,16 
	o,15 


	-
	0,06 0,07 0,07 0,06 0,12 
	0,06 0,07 0,07 0,06 0,12 
	-

	'len!t, 0,15 
	11
	o,

	mean, 

	0,l8 0,31 0,07 0,0Ł 0,09 0,08 0,15 
	0,20 
	0,13

	-
	]\leial upon metal 
	-

	0,08 0,11 0,11 0,09 0,17 
	0,08 0,11 0,11 0,09 0,17 
	-
	0,17
	greatest, 
	value, 
	' 

	-
	0,05 0,07 0,00 0,06 0,07
	'lenst, 
	0,20

	0,42
	n1enn
	1 

	0,I
	O 


	-
	-
	-
	o,os O,lO 0,20 
	0,08 
	0,14

	-

	ocxl upon metal 
	w

	1 0,10
	1 0,10
	0,08 0,08

	0,62
	greatest,
	. 

	.. value, 
	Figure
	0,16 

	045 0,33
	Hemp, cords, twists, on \\·oo<l, ' &c. on iron, 
	I 
	-
	-
	0,15 
	-
	0,19 

	Łraw, 0,36 
	0,54 
	0,16 
	-
	0,20

	Sole leather, smooth, 
	Sole leather, smooth, 
	con1pressed, 0,30 
	-
	-



	upon wood or metal 
	-
	0,25

	greasy, 
	greasy, 

	0,34 0,31 0,14 -0,14
	Th
	e same, 
	high at 
	the 
	{
	dry, 

	edges, &c. greasy, 0,24 
	-

	emark. The co-efficients of friction for porous n1asscs "·ill be gi,cn u1 art, in the theory of the pressure of earth. 
	R
	T
	the 
	Secon
	d
	P

	InclinePlane.-Tbe theory of sliding friction has its 
	§ 
	162. 
	d 
	chief

	application in the investigation 
	of 
	the

	Figure
	equilibrium of a body .flC, on an 
	in­

	clined plane FH, Fig. 165. accordance ,\Tith § 135, FHR = a,the angle of inclination of the in: clined plane, and P08J3, the anwhich the force P makes with the clined plane, we haYe the force arising from the weight G of the body .N = G cos. a, on the hand, the force for sliding do,vn = 8= sin. a,, further the force J\fwith which P stri,·es to draw thŁbody down the plane is = P sin, f3, 
	If 
	in
	1 
	= 
	Ł
	le
	in­
	norm
	al
	othe
	r
	G 

	INCLINED PLANE. 153 
	and the force 8with which it pushes the body up the plane = P cos. J3. The remaining normal pressure is: N-N= G cos. a.P sin. /3, consequently the friction F=f(G cos. a.-P sin. J3). If 1t berequired to find the force P dra"•ing the body up the plane, then there will be friction to overcome, and itmust therefore be 8= 8 F, i. e.
	1 
	1 
	-
	:-
	1 
	+ 

	P cos. J3 = G sin. a. f (G cos. a. -P sin. >3).
	+ 

	But if the force, which is to prevent the body from sliding down1s
	.
	.

	to be determined, then friction comes to its assistance, and the force 1s:8+ F= 8, i. e. P cos. i' +f(G cos. a.-P sin. /3) = Gsin. . From this the force may be determined: 
	1 
	a.

	For the second: P = si-Ł a. • G. 
	n. 
	a. 
	c
	Ł
	s. 

	cos. J3-✓ sin. J3 
	cos. J3-✓ sin. J3 

	sin. P • P 
	-or firom
	. 
	. 
	• 

	G,
	G,
	=
	--, we shall obtain P
	cos. p 

	sin. 13. cos. p cos. /3. sin. 
	+ 
	P 

	sin. (a. + P) 
	sin. (a. + P) 
	-

	. G, and the
	= =

	the known rules of trigonometry: P 
	cos. (J3 + p)upper signs are to be taken, when motion is to be brought about;lower, on the other hand, when motion is to be impeded.
	the 

	formula is found by a simple application of the of forces. Since a body counteracts that force of anothe
	The 
	last 
	paral­
	lelogram 
	r 

	surface (§ 159), equilibrium in the foregoing if the
	case can 
	subsist 

	OQ = Q of the components P with thenormal ON the angle NOQ = p. If now general
	resultant 
	and 
	G 
	makes 
	we 
	put 
	in 
	the 

	Ł. GOQ
	Ł. GOQ
	ne


	formula!_h, GOK = GON P, and
	= 
	+ 
	NOQ = 
	a. 
	+ 

	G sin. POQ 
	G sin. POQ 
	p

	POQ = P08+ 8OQ = J3 + 90-p, we then have 
	1 
	1 
	° 
	G 
	= 

	.
	.

	sin. (a. + sin(+ P)
	P) 
	11 

	. ,c) cos. (>3-p)
	= 
	, 
	and 
	for 
	a negative 
	value 
	of 
	P : 

	sin. JJ-p 
	sin. JJ-p 
	+

	( 
	2 

	p sin. (e1-P) • . 
	• 

	= quite 1n accordance with the above.
	G 
	' 

	cos. (j3 + p)e1 == O, 
	If 
	the 
	body reposes on a horizontal plane 
	therefore, 
	the 

	sin. 
	sin. 
	f
	G 
	p .


	r.•O.orward • 
	rce 
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	· 
	f 
	G 
	· 
	· 
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	h p ts: p = ------= ·---:----;:
	t 
	r. 

	COS. (>3-p)
	COS. j3
	+
	fsin. J3 

	If 
	If 
	the 
	force acts parallel to the inclined plane, 
	then 
	JJ 
	=a 
	O, 
	aod 

	(sin, a. + P )
	(sin, a. + P )

	th 
	r. · · 
	r. · · 
	p 
	-
	-
	(compa
	. 
	G. 

	re 
	cos. p 
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	tang. a. f
	tang. a. f
	+ 

	--------==--. G, also 

	(sin. a. + cos. = -S'in a., therefore, P = . G 
	f
	a. 
	-
	= 

	cos. a. + f S'in. a 
	cos. a. + f S'in. a 
	= 

	tang. (Q, +p) 
	G. 

	-
	-
	•
	1 +tang. a. 
	f 

	• G.
	si,n. (o + p) 

	Example. \Vhat orcl r
	pressure 
	on 
	the 
	nxis 
	hrul 
	the 
	prop 
	.A.E, 
	Fig. 
	166, 
	to 
	snstnin
	, 
	in 

	to I?reveut n ulcŁk Łf stone (n ,vaU.11.BCD, of 00\Ve1gl11fro1n Ethpp1ndo,\·n the inclined pla
	)
	00
	l
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	. 
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	Fig. 160. 
	Fig. 160. 
	en· 
	e Ł 00
	G
	00
	e 
	Ł

	0,'7:> 1 Ht•ro
	= 
	1


	• 
	efficieut of frictiou 
	/ 

	rin. 50--0.75 roa. 50
	rin. 50--0.75 roa. 50
	= 
	°
	0 

	1420 

	the forrnuln gi\Łes: 
	lin. •-f ros. " 
	= 

	" 
	" 
	. G
	p 

	ros. 8-f sir,. 8 
	0,766-0,4 2 
	_ 
	_ 
	_ 
	_ 
	0000 = -l224 
	lbs.



	-0,0UU,194 ' 1,1130
	O,-

	If the prop were horizontal, we should have = _
	f3 

	50, and tang. p = 0,75; hence , = 3652'; 
	° 
	° 
	Jrunly

	P = G la11g. •-,= 5000 tang. (50-3G52') 
	(
	) 
	°
	0 
	Ł 

	5000 tang. 13B' = 5000 . 0,2333 = 1106 lbs.
	° 

	push up the same ·wall upon the supporting 
	one 
	by
	To 
	a

	horizontal force, uncler otherwise similar circumstancru1, a force P ,voukl be oocessary = G tang. (•+,) = 5000 tang. 8652= 5000o. 18,2676 = 91338 lbs. 
	° 
	1 

	§ 163. Wedge.-In the wedge, friction exerts a considerable in
	-

	fluence upon the statical relations 
	Fig. 167. The section of a wedge forms aŁisosceles triangle FIIR, Fig. 167with the edge FHR = a., the foreŁ acts at right angles to the and the weight Q at right angles the side FH. If ,ve drive the upon the base HR a space s = FF' = HJI1 = RR1the weight Q iŁ raised through a space ee= DD 
	P 
	back
	to
	wec.lg
	e 
	, 
	l 

	= IIL = HH• sin. IIŁ L = s sinŁ o, and force passes oYer HK= 1111i . 
	1 

	HHK= s cos. ; according to the principle of Yirtual velo
	cos. 
	1 
	a.
	ci
	-


	2
	2
	2
	.


	without regard to friction, P . HK= Q Ps cos. 
	hes, 
	an<l 
	• DD1
	, 
	i.Be. 

	a. a.
	a. a.
	. 

	2szn. . cos. 
	Q
	2 
	2


	Q sin. a.
	Qs sin. a, therefore P = -----------
	-
	-
	=2

	a. 
	a. 

	cos. " 
	cos. 
	2

	..... 
	..... 
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	Q si·n. , which also follows from the formula in § 137, if \Ve put in it 
	;

	sin. /3 = 1, and cos. ( a-45) = cos. Ł
	-

	2
	2

	There are now, however, three frictions which come into play, viz., the friction against the sides HF and HR, and the friction of the body .fl.BCD in its constrained motion. As the directions ofthe force on both sides of the wedge deviate equally, the pressureagainst both is equal, namely = Q, and the friction arising =f Q.The spaces of these frictions, however, are different. For the fric­tion upon HR : s = HHfor that upon HF== ]1iL = s cos. a; accord­ingly the mechanical effects of both frictions are : =f
	1'-

	cos. a.=f Qs (1 + cos. a.)=2fQs cos. , Lastly, the friction 
	(
	i)
	2 

	bet,veen CD and FHpresses upon the body .llBCD at right anglesto its direction, and there produces the frictionfi .fQ, if/i represent the co-efficient of friction for its constrained motion. This friction, however, has the same space as the ,veight Q, viz., DD= s sin. a.;and to it corresponds the mechanical effectf Q s sin. a. In order now to find the extreme limits of the condition of equilibrium, we must put the mechanical effect of the force P equal to that of the weight Q, plns the mechanical effects of
	1 
	f
	1 

	Ps cos. ;= Qs sin. o.+2 Qfs cos. ;) .2+ffi Qs . sin. o.
	(
	, 

	and we obtain the force : 
	P = 2 Q (sin. ; + cos. +.tJ; sin. ;)
	f
	; 
	-

	In a wedge .fl.BC, Fig. 168, as it is used for he splitting asun<ler an<l compression of bodies, the force at the back corresponding tothe normal pressure Q against the sides ./1.0 
	Fig.t168. 
	Ł

	and BC, is P= 2 Q sin. +f cos. ;, which 
	(
	; 
	)

	is given if ,ve put the sum of the vertical com­ponents of Q and F = f Q, i. e. 2 V= 2 Q 
	1 

	• 
	• 
	Figure
	Q 
	Ł 


	force P. 
	the 

	&'}lpleTl1_e _load of the wedge Q in Fig. 167 = 650 lbs., the edge 11. 
	a
	. 
	= 
	25
	° 

	o-effiCient offnction necessary tO move Tforce is P [in
	J.
	=f
	=0
	1
	36. R
	eq
	uired, the 
	mechanical 
	effect 
	he 
	= 
	2 
	• 650 
	,
	. 

	· he spac
	= 
	lJOO 
	For, 
	;
	0
	:
	: 

	½ foot, the space of the force HKrin
	= 
	corresponi.la 
	= 
	8 = 
	. 

	the
	the
	, 
	(0,36)sin. ¼]
	(0,36)sin. ¼]
	+ 
	1 
	12
	0

	12½,3co,. 12½
	0 
	+ 
	0
	6 
	0 



	1300t. (0,2 164 + 0,36t. 0,9763 + 0,1296t. 0,2164) 
	= 

	+ 0,0281) = 1300 . 0,5900 =774,8 lb:1
	+ 0,0281) = 1300 . 0,5900 =774,8 lb:1
	(0,
	2 
	164 
	+ 0,3515 
	. 

	tbe load CC
	of 
	1 


	-oc.
	----=---
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	4
	<> • 4 . 0,216-t
	-sin.e_ 
	2 
	' 
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	P, = 774,8 . 1,155 = 895 ft. lbs. to fiction, it would only 
	Without 
	regard 
	Ł
	be 
	6Ł 
	. ½

	In consequence of friction, the mechan1cal effect expended woud nearly tripled
	= 
	325 
	ft. 
	lbs. 
	l
	be
	. 

	164. .flxle Friction.-ln axles, the friction motion only , on which account experiments on this existhFrom the following table very importat prachce be drawn, with axles of wrought or cast iron, 1n bearin
	§ 
	of 
	is 
	of
	importance
	only 
	_.
	Ł
	results 
	.
	for 
	_
	_
	may
	moving 
	gs 
	of

	'
	'

	cast iron or brass, coated with oil, tallow or hoghco-effiof friction is
	s lard, 
	the 
	cie
	nt

	By continuous greasing -= 0,054,
	In the usual manner -0,070 to 0,080.
	The values found by Coulomb vary partially from the annex
	ed. 

	TABLE III. 
	CO-EFFICIENTS OF AXLE FRICTION, FROM MORIN. 
	Nature ofthe surfaces and unguents. 
	-
	-
	l'fŁMES OF THE 
	BODIES. 

	Bell metal on the same
	Cast iron upon bell
	metal ... . . . .Wrought iron upon
	bell metal ••.••Wrought iron upon
	cast iron .e•e....Cast iron upon castiron . . . . . . . . Cast iron upon bellmetal . . . . . . .
	Wrought iron upon
	lignum vitlB • . . . Cut iron 
	upon 
	Jig
	-

	num vitm .•...
	num vitm .•...

	Lignum vitm 
	>,
	>,
	<I)
	CII 
	Q) 
	Q)
	,::,
	-
	:.:I 
	CII 
	...
	0 
	Ł 
	A

	-
	-
	0,251 
	-
	-
	0,194 
	0,188 0,185 
	..c
	... 
	·-

	'd
	..Q)
	..Q)
	.. 


	Q) ..: 
	-gŁ
	as 

	Id 
	>.
	"' 
	g
	... 
	-
	-
	0,189 
	-
	0,137 
	0,161 
	-
	-
	·
	-

	...
	-

	Q) •
	Ł8
	'd CII 
	; ...
	; ...
	1 

	c., 
	Oil, tallow, or lard. 
	>,
	CII 
	>, 

	::; 
	! 

	8 
	Ł 

	Q) 
	s:::
	.... 
	-s 
	8
	.§ 

	'i 
	Ł a)
	[!
	"t:l Ł 
	i ... 
	ŁB 
	Q) 
	1 
	-
	f:l, ·
	-s
	-

	"t:l 
	"' 

	0,097 
	-
	-
	-
	-


	0,049 0,075 0,054 0,090 0,111 0,075 0,054 
	-
	-
	-
	-
	-
	-


	0,079 0,075 0,054 0,075 0,054 0,065 
	-
	-
	-

	-
	-
	-


	0,125 
	-

	-0,100 0,092 0,109 
	-

	... 
	... 
	-
	0,137 
	0,166 
	0,140
	upon 
	vitai 

	0,116 
	-

	0,153 
	0,153 
	-
	-
	-


	---0,070 
	-

	Lignum 
	upon 
	upon 

	' 
	j .}fknow the pressure Rbetween an axle and its bearing
	6
	5
	· 
	we 

	ri
	ri

	!1 t�e radius r ofthe axle, Fig. 169, be given, mecha: which the friction ofthe axle counteracts in revolu­ion m�y e calculated. The friction F-fR, the space correspond­
	a
	i1 
	urt 
	er 
	the 
	:
	•ca 
	effe
	t 
	every 

	_
	_

	.
	ing to it, the circumference 2 "' r of the axle; it therefore follows 
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	mechanical effect lost byfriction in each revolution is =fR 
	that 
	the 
	•

	. r = 2nrIf the axle makes one revo-
	2n
	f
	R
	. 

	Fig. 169•
	Fig. 169•

	per minute the mechanical effect ex
	lution 
	u 
	-

	pended in each secdnd 
	n t1,fr
	n t1,fr
	R 

	2 f---=---
	R 
	-

	Figure
	u 

	0,105e.u R
	f

	" 
	" 
	= 
	r
	--
	--

	= 
	.
	r.
	-

	60

	The mechanical effect consumed by friction 
	The mechanical effect consumed by friction 
	.

	increases, therefore, with the pressure on the 
	axle, in proportion to the radius of the axle and 
	R

	the number of revolutions. It is, therefore, a
	rule in practice, not to augment unnecessarily
	the pressure on the axis in rotating machines by
	heavy weights, to make the axles no stronger
	than the solidity required for durability, and like""ise not to Łake a 
	great many revolutions in a minute, at least, not unless other cucum­
	stances require it. 
	By the application of friction wheels, which are substituted for 
	the bearings, the mechanical effect of friction is much diminished. 
	In Fig. 170, .llB is a wheel ,vhich reposes by its axle CEEon 
	1 

	the circumferences EH, EHlying close 
	1 
	1 

	Fig. 170.
	Fig. 170.

	to each other of the friction wheels revolv­
	ing about D and D• From the given pres­
	1

	sure R of the wheel, there foJlow the pres
	-

	sures N= N= , if a. be the angle
	1 
	R 

	2 cos. 2
	2 cos. 2
	a. 


	DCDwhich the central lines, or lines of pressure, CD and CDmake between them.From the rolling frirtion between the axle Cand the circumferences of the \vheels, theselatter revolve with the axle, and there arise atthe bearings D and Dthe frictionsfNand 
	1 
	1 
	1 

	fN1 which together amount to . If the radius of the wheel 
	1
	f
	R 

	cos. 
	2 

	DE=DEbe represented by , and that ofthe axle DK-DKbyshall haYe the force at the circumference of the wheels, circumference ofthe axle Cresting upon these, which is 
	1 
	1 
	a
	1
	1 
	1 
	r1, 
	we 
	or 
	at
	the 
	requisit
	e 

	1
	1
	1
	r

	overcome f: F= whilst it will be = f
	to 
	R 
	1 
	f
	R 
	R
	, 
	if



	• 
	• 
	• 
	a,


	Cos. Ł cos. _,
	a
	l 

	2 2
	rest immediately in a socketIfwe disregard "heels, the mechanical effect of the friction y t
	the 
	axle_ 
	C
	. 
	the 
	weights
	of
	the 
	fr
	ictio
	n 
	T
	b
	he 
	ap
	-

	Sect
	Figure

	Figure
	• 
	Figure

	14 
	14 
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	we oppose to the pressure of the axle R a friction GH, Fig. 171, and lateral forces, by 
	If 
	single 
	whe
	el
	prevent 
	an
	y 
	accidental 
	the 
	fixed 

	cheeks Kand L, «i O, !:1, and the above relationŁ
	= 
	c
	os. 
	2 
	= 
	s 
	= 
	-

	1 
	1 
	a


	weighs Ł0000 lbs., it.ci !fUlius 
	&amplt. 
	A 
	,vheel 
	a 
	= 

	16 n. 
	16 n. 

	of tllO ,\•heel nŁC?llsnrŁ to 
	force 
	at 
	the 
	circumf
	erence 
	over
	corno

	.
	.

	and t? mn1nla1n 1_t 1n uni
	the 
	f
	r
	iction 
	of 
	the 
	nxle. 
	fo
	rm 
	mot
	ion, 

	Fig. 171. 
	Fig. 171. 

	Figure
	whnt is thc, corrcspondJng expcnthture of 
	nnd 
	rnecba
	nica
	t 

	the oo-effioient of friction f = \\'hcrefore the tion/ R tho diain
	hero 
	0,07:S,_ 
	u
	icŁ
	Since 
	eter 

	0r
	0r
	384, times ns 
	great 
	as 
	t
	h
	e 


	0,075e. 30000 = 2250 lbs. 
	= 

	l 6 . 12 102
	= =
	= =
	.
	tho ·wheel lll 
	5
	6

	the rude or tho nrm of the friction, 
	diarncter 
	of 
	tho 
	axle 
	fric­

	to tho circumference of tho vŁ / R
	,
	h
	ce
	l 

	tion re<luoed 
	-
	-


	3
	3
	3
	84e
	-
	-.

	' 
	' 


	58,50 lbs. The oircutnference of the a.xle is 
	2250 
	= 
	2 
	· 
	5 

	•
	•
	12 

	0,2182 feet, and its meclinnical ctrccL c.luring ono 
	5 
	= 
	seco
	nd 

	-
	-
	1r 
	618 
	2,

	·

	seconde= 
	0,2182 ./ 
	0,2182 ./ 
	R =
	00
	0,2
	182.2250 
	= 
	491 
	ft. 
	J
	bs. 

	_ 
	_ 

	If the nxles of this ,vheel rest 
	upon 
	fricti
	on

	wheels whose rnilii are 5 times ::ts grent as those of the axle, an<l tbereforo !:t 
	= 
	= 
	= 
	l 

	a, 
	1"'1 

	the power expende<l, referred to the circumference of the whoe), ,vill only be{. 
	38,4 
	= 

	§ 66. friction of an axle .JJCB, Fi· 172, '\\'hich its bearing in one po1nŁ is less 
	1
	The 
	&"
	press
	e
	s 
	on
	.fl. only, 
	tha
	n

	.
	.

	Fig. 17.'l. that of a ne,v axle resting on all points 
	Figure
	of 
	the

	bearing. If no rerolution takes place, then presses on the point B, through passes the direction of the mean pressure R . but if revolution begins in the direction axle by its friction will rise just so high i� its bearing until the sliding force comes into equi­librium with the friction. The mean pressuredecomposed into a normaJ pressure a tangential 8; Npasses into the bearing and gives rise to F = fN. 
	the 
	axie
	which 
	./1B 
	thŁ
	R is 
	N
	and

	actintangentially ; 8 puts itself in equilibrium ,-.ith F; 8 is ther
	g 
	e:

	N. According to the Pythagorean doctrine, R, is=Ł+Ł 
	fore 
	= 
	f

	therefore R2is here = +f-) »; inversely the normal pressure N:::: 
	(1 
	.
	f
	R 

	; or, ifthe angle offrictin
	; or, ifthe angle offrictin
	o


	R+ p' and the friction F= 
	✓l

	. 
	. 
	tang. p
	F = 
	• R = 

	tang. p os. p R R sin. p.
	2 
	c

	v
	v
	. /l + tang
	.p 

	= 

	. 
	169
	169

	.AXLE FRICTION. 
	If no forward motion took place, F would be = R = R tang. p = R sin. P 
	f

	t·
	t·
	.
	.
	fi
	1

	---; consequent y nchon 1s t e cos. p 1mes 
	as 
	t
	grea 
	aft

	.
	.
	the 
	h 

	er 
	moving forward as before the motion. Generally,/ = tang. p not 
	• .
	• .

	d h d"ffi 
	quite an erence 1s not quite 
	10
	1 
	1000 

	. 
	. 

	cos. p > 0,995, therefore t e 1 
	= Ł; therefore, in ordinary cases of application, ,ve neecl have 
	2
	0 

	regard to the effect of this motion. 
	no 

	If the wheel .11.B revolves in a nave or eye, Fig. 173, about a fixed• axis .11.C, the friction is the same as if the axis 
	moves in a roomy nave, only the arm of the fric-tion is the arm of the nave, not that of the fixed axle. 
	Fig. 173. 

	§ 167. If the axle lies in a prismatic bearing,there is greater pressure, and consequently more friction, than in a round bearing. .Ii.DB, Fig. 174, is triangular, the axle lies on two points .IJ and B, and at each there is the same friction to overcome, the mean pressure R is de­
	If the bearing andeach ofthese gives a Fig. 174. 
	If the bearing andeach ofthese gives a Fig. 174. 

	Qwith the aid of the mean pressure R,
	1 

	the angle of friction p, and the angle .Ii.CB 
	lying in the bearing. If QOR = .IJCD 
	-

	C.11.O = a.-p, Q1 OR = 
	C.11.O = a.-p, Q1 OR = 
	11.
	2 


	BCD + CBO a. + p; lastly, QOa. -P + a. + p= The application of the formula § 75, gives : 
	Q
	1 

	sin. (p) si,n. (a.+) 
	Q 
	-
	a.-
	P
	R.

	-. R and Q____,;__Ł . ,
	. 
	1 
	= 

	sin. 2a. sin. 2 a.hence the friction sought ish: .
	(Q + Q) sin. p = (sin. [a. -p] + sin. [a. p ]) Ł
	F
	+ 
	F
	t 
	= 
	1
	+ 
	sin 

	sin. 2hsin. (°' -p) sin. (a. + p) cos. 
	But 
	the 
	+ 
	p 
	and 
	sin. 
	2 
	a. 

	= = 
	· 
	· 
	"

	a. 
	2 sin.
	= 
	1 
	a. 
	· 

	P, which from the smallness of p may be 
	put 
	= 

	2 
	2 
	2 
	· 

	• Cl 
	= 

	a trianguar bearing is f
	The 
	frictio
	n 
	of 
	l

	cos 
	cos 
	cos. a.
	1 


	If, for example, .llDB 
	= 60
	°e
	, 
	.IJCB 

	rom this 
	rom this 
	times as great 
	a cylindrical one. 
	as 
	that 
	of 

	Figure
	Figure

	Figure
	Sect
	Figure
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	. 

	= 180
	= 180
	° 

	1 

	-60= 120, and ACD = G then hav
	° 
	°e
	= 
	60
	°e
	, we 
	e: 

	Figure
	cos. 60
	cos. 60
	° 


	.flDB, Fig. Ł_Let divide the arc he the the bearing, into parts, such which have equal projectioand let us suppose that 
	Figure
	175, 
	be 
	su
	h a 
	Łt!ar1n
	g. 
	us
	JlDB, 
	1n which 
	axle
	and 
	tnany 
	as 
	.Jl.N.
	NO, 
	&c., 
	ns 
	on 
	thŁ
	chord 
	.IJB, 
	each 
	of

	' 
	parts supports an equal amount 
	these 
	of 
	th
	e

	R
	R

	whole pressure R, viz.(n
	, 
	= 
	, 
	, 
	being 
	th
	e 

	of parts) of the axle on tl1e According to the former §, the friction 
	number 
	n 
	bear
	in
	of 
	t\!Ł 

	R
	and N O 
	and N O 
	· 
	rin. 2 P 

	n 
	D
	D
	ut cos. 
	XCD

	.I\·o 
	cos. 
	Ncn
	· 

	.u 
	NP

	= os. ONP , where NP represents the projectio
	c
	= 
	n 
	of 
	the

	NO cltord. AB
	NO cltord. AB

	part No , an d N'P ----
	_ 
	·

	-
	-
	n 
	R sin. p
	2 


	1 
	NO 
	and 
	N,.
	0
	n 

	==
	==

	tion corresponding 
	to the rarts 
	to the rarts 
	n. NO R sin. 2 
	= 
	p 
	• 
	NO.

	. 
	cl,ord chord 
	Figure
	Figure

	11 th fr
	. 
	.

	2" ' 
	sum of all the parts of the in a ne
	arc, 
	it 
	fo
	llows 
	that 
	the 
	fr
	iction 
	w 

	the \vboJe arc .IJDB instead of NO, must the arc ./1.D
	we 
	put 
	in 
	= 

	. R sin. 2 p •
	. R sin. 2 p •
	tunes th
	e

	l d 

	bearing ish: F=R sin. 2 paor if we put angle .llC
	, 
	the 
	B 

	. c::Łd.11-!}_Bsubtended at the centre by .llB, which corresponds tŁ the 2 a, therefore the chord .11.B = 2 JlC . sin. a..
	arc 
	of 
	the
	0 

	bearing, = 
	-
	-
	2 

	taken approximately 
	c, 
	c, 
	sin. 

	a.
	F= R sin. p. .
	a. 
	sin. 


	• bearing ho of an acute we<lge-sbape it is oonceivnble nn nxle pressed ped cavity ,vould create an n<lditiooal friction j friction depend?n u,n_ght, not oa extent of snrface, the dinnoostrations of lhis section relative to ooarinis in yhndtical cavities in wbjeh there is o ,vedging or tightening, but only n 1listtibutio11 ?f thŁ u·curltt ov_er te evcral parts of the rutface of contact, tl.ie effect th_e forco Ul nt,o oeaŁ1og ,v11l be to relieve the pressuro on one pnrt and trnn:<tcr it to anotherŁ from the
	If
	a 
	that 
	into
	such 
	wedge-sha
	but as 
	s 
	g
	c
	n
	Ł!
	Ł
	of 
	n:ioving 
	a 
	at 
	th
	sa.rnŁ 
	<.hstance 
	To 
	a certain 
	that 
	1Ł
	! 
	10a
	the_ 
	depth 
	increases, 
	but 
	if 

	.
	.

	he a d1stnbuuon ofpressure over a grearer number of elements or units of surface, so is Ihere 8 le:;s amount of pressnre on each point rubbed. This law of friction, accordiug tc pressuret anti not according to surface ru.bbod, ngrccs ,vith. nil experiments.-Aallt. Ru, 
	AXLE FRICTION. 
	Fom this the friction is the greater the deeper the axle lies in its beanng. If, for instance, the bearing is half the circumference of the 
	Ł

	axle, a. is thenh= ½ and sin. a. -1, we then haYe F = • R sin. P,
	,c 
	,c 

	2 
	2 

	and because = 1,57, therefore 1,57 times as great as that of the free a. is 
	;
	bearing. In an axle which does not rest deep in its bearing, 

	= 1 -), whence
	a. 
	(
	;h
	2

	3
	3

	therefore the sin. a. may be put= a.-;a.
	small, 

	F= 
	F= 
	(
	1 
	+ 
	;
	2 


	R sin. p, orh= R sin. p, if a. be very small.
	) 
	) 

	§ 169. The axle pressure R is given generally as the resultant of two forces P and Q, directed at right angles to each other, and is therefore = ✓P+ Q• Provided we require it only for the de­termination of the friction fR z= f ✓P+ Q, we may be satisfied an approximate value of it, partly because the co-efficient f can never be so accurately determined and depends upon so manyaccidental circumstances, and partly because the whole product ofthe friction/ R is mostly only a small part of the remaining forces o
	2
	2
	2
	2
	with 

	approximate expression of ✓J» + Q' is known under the name of Poncelets theorem, and may be developed in the following manner: 
	Figure
	'

	P.J + P ✓I + r, whereby z -= ("ij",
	✓
	J» 
	+ 
	Q2 
	= 
	1 
	(
	Ł
	)
	2 
	= 
	)

	which supposes that P is the smaller force, therefore, z is a mere fraction. We may no,v put: 
	✓l + x2 = ,,. + •X, and determine the co-efficients ,,. and .,, answer­ing certain conditions. The relative error is: 
	✓1 + r-,,.-.z ,,_ + .,zh
	= 

	✓I+ x2For the smallest value of x, viz., x -O, y=-1 -,-, and for the great
	-

	,,..,
	. 
	+ 

	es, Y1z. x 1,we have y1-If we make these errors,
	t 
	= 
	= 

	·
	·
	·
	-

	✓2 


	nding to the limits of x, equal, we then obtain an equation 
	correspo
	of 

	. . ,,. + " 
	d
	-

	1honh_ , or ., == ,., ✓2 -,,. -0,414: • ,,.. 
	con 
	,,. 
	== 
	✓2
	Figure
	If 
	we 
	tak
	e 

	'!Ih= 1-.✓1 +z2 
	,,,.
	,,,.

	e error, is greater than any other which 
	as 
	a 
	negativ
	arises 
	by
	assum
	-


	X+ A,that is
	ing 
	-= 
	Ł
	' 



	,,,,_ 
	,,,,_ 
	Figure
	Figure
	162 
	AXLE FRICTION. 
	y=
	-

	• 
	,..,----... --1 .
	== 
	-
	2 
	+ 
	1 


	,,..
	,,..
	,,..
	4
	2 

	2
	,,:i + )
	(J 
	.,

	If now we make this greatest negative error equal to the 
	great
	est

	positive error, we shall then obtain the following second equatio
	n 
	of

	condition: 
	--
	-


	✓,u+ 11-I= 1-,u; or I'+ ✓.u+ 11= 2. 
	2 
	1 
	Figure
	2 
	2 

	But the first equation gives ., = 0,414 ,u; it, therefore, follows that 
	,.,, + ✓1 + 0,414) = 2, i. e.
	(
	1 
	2

	2
	,.,, = ----==== = 0,96 andh., == 0,414 . 0,96 == 0,40.
	1 + ✓1,1714 
	1 + ✓1,1714 
	We may, therefore, put approximately ✓1 + x== 0,96 + 0,40 and in like manner the resultant R= 0,96 P + 0,40 Q, knowing we thereby commit, at most, the error y = 1 -,.,, = -0,96 = 0,04 = four per cent. of the true value.
	2
	. 
	x,
	that
	+
	1 

	This determination supposes that we know which is the greatethe forces; but if this be unknown, we may assume ✓ 1 + x2 ,.
	r 
	of
	= 

	, and so obtain y = 1 -"'(. Here not only the limit
	(I + x
	)
	l 
	+ 
	x
	)

	✓1 + :r 
	x = 0 gives the error = 1-,.,,, but also the limit x = oo, the same errorh= 1p,X = 1 -p,; but if we put x = Ł = I, ,ve then ob-
	-

	x . ,.,, 
	tain the greatest negative error -)) 
	Ł 
	(
	2
	;
	2 
	-
	1 
	= 
	-(,-
	✓2
	-1,

	by making these errors equal: 1 -,.,, ,.,, ✓2 therefo2 2 1 
	and 
	= 
	-1, 
	re,

	= _ 0,825, for which 0,83 may be pu
	,. 
	== 
	= 
	= 
	t.

	12,414 1,212 the case where we do not know which is the greater of the forceR may be put = 0and "'e know that the greatest 
	+ 
	✓2 
	In 
	s
	,83 
	(
	P + 
	Q), 
	erro;

	1 
	value. 
	Figure
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	greatest error is about t,"o per cent.• 
	the 

	.
	§ 170. Lever.-The theory of friction above developed �nds its application in the material leYer, the wheel and axle, and 1n other machines. Let us, in the first place, treat of the lever, and take the _general case, viz., that of the bPnt Je,·er .11.CB, Fig. 176. Let us re­present as before (§ 127) the arm C.11. of the po,\'er P by a, the arm Fig. 176. CB of the weight Q by b, and theradius of the axle CH by r, let us put the \veigbt of the lever = G,its arm CE = s, and the angles.11.PK and BQK, by which th
	pressure Q cos. p: remains for the horizontal pressure,
	since 
	there 

	H= P cos. a. -cos. P, we may put the ,vhole pressure on the axle : 
	Q

	R = µ. V+., H= µ. (G+P sin. a.+ Q S'in. Ł)+., (P cos. a.--Qcos 
	f3),

	.
	of which the second part ., (P cos. a.-cos. J3) must never be takennegative, and, therefore, in where Q > P cos. abe changed, or rather P cos. e1 must be subtracted from cos. /3. In order to find that value of the power which correspondsto unstable equilibrium, so that the smallest addition producesmotion, we must put the of moment ofweight, plus or minus the moment of weight of machine (§ 127)plus the moment of friction, therefore,
	Q
	the 
	case 
	cos. 
	f3 
	is 
	,
	the 
	sign 
	must 
	Q 
	of 
	fo
	rce 
	moment 
	power 
	equal 
	to 
	the 
	the 

	Pa=Qb+ Gs+fRr 
	= Qb+ Gs+f(f' V+., H) r, from ,vhich follo\VS 
	Qb+ Gs+f[µ. (G+ si,n. J3) +Q cos. ,a] r
	Q

	P= 
	-
	-
	. 

	a--fr sin. a.+.,fr cos. Ł 
	f'

	If P and Q act vertically, R is simplye= P+ +G, therefore,Pa= b+ Gs+f (P+ + G) r. If the lever is one-armed, P and Q 
	Q
	Q
	Q

	at opposite to each other, then R=P-+ G, and consequently thefriction is less. Besides R must be put constantly positive in thecalculation, because the friction fR only impedes, but does nopro­duce motion. From this we see that a one-armed, is mecharucally 
	Ł
	Q
	! 

	arms ofa bent lever, Fig. 176, are : a= 6 ft, =,:
	Example. 
	II
	the 
	.
	b
	4 
	ft
	.
	, 
	' 
	= 
	½ 
	ft.

	and the weight Q900 lbs., the power .required to rb
	= 
	500, 
	and 
	fu
	rther 
	=
	"
	6
	io 
	= 
	resto
	e 
	t
	e 
	u
	n
	sta

	s, the angle of inclination A=700, fl,_ :inŁ of the lever G 
	,,.= 
	1
	½ 
	inche
	lb
	s.
	that 

	Figure
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	a 
	O
	(G + Q ,in. S) = 0,96 (900 + 5600 Łin°) =-Jb..0,9(.} . nŁ•· ° 
	. 
	6
	0
	4982 
	70
	= 

	= 0 40
	I I 
	, , Q co, • ro,. a CJ
	,. 
	S
	0,002
	= 
	,40.

	,ve obtaine,40 . 5600. ros. 500 = 1440 lbs.; ,-,. ,in.. A 
	,-,.
	= 
	0

	= 
	ro&. ?0° = 0,137.pproximately P 
	a

	= 
	365Stake for 
	It i.8 eruly to see, thal here P cos. • 1Ł ._hMS, for siuo we hnvo P co,.e" = J251 Jostro,. = 3000 JQ '°'R, nntl , tol. • tho lower sign nnd 
	le
	s 
	t
	an Q 
	. 
	c
	., 
	nn
	l 
	Q 
	S 
	b
	5
	· 
	pu
	·

	let 
	therefore 
	t
	us 
	,
	5600e. 4-900 . ¼+fr (4082+ 1440)
	.
	.

	p= 
	1173) 
	1173) 
	0 -fr (0,90i -0

	= 0,the power 
	009375
	, and 
	sottgJ
	1
	t, 


	=
	0:070, nnd we shall bo.ve fr= 01075. :.e
	tion / 

	-(l -0,00683 5,0£13!.! 
	1 
	1 
	e sub
	-

	P= 3608 ILŁnnil neglect friction, is r= 3658e. ,in. 700 + +000 3437 + + 000 = 8027 lbs.on th' othunt.Ithehori,.011tnl :
	stitute 
	the 
	value 
	., 
	5000 
	,i
	1
	:,oo 
	= 
	,1290 
	,
	er 
	h
	, 
	pressu
	r 
	1

	e.
	H= f,600 cu,. 50 -3056 e-<11, 70= 3600-1261 =2340 lbs.
	° 

	Here His :> 0,2 JŁ thert>fore, rnorc l'Clrrectly : 
	R = O, t, •If+ 0,400 J'= 08SS. 8027 0,400e. 2340 = 
	1
	+ 
	881 
	l

	and it follow! that the mon1cnt of friction = JrR 0,009375. 88 tl = 
	8i
	I
	a 
	ft 
	lb

	• !,,
	2 U 
	= 
	,
	22400 
	-
	450 +
	450 +
	and lastly, the po,ver P= 
	6 
	little from the above. 
	§ 171. Pivot .Friction.-When in the wheel and axle a prestakes place in the direction of the axis, as in the case, for examof upright axles, in consequence of their weight, there is a friction 0�the base ofthe one axle. Because pressure is there exerted 011 pbetween the pivot and its step, this friction approximates to the simple sliding friction, and to the axle friction ,vhich ,ve have hitherto con­sidered, and we must put for it the co-efficients of friction Table II. To find the mechanical effect absorb
	•ure
	p]e
	oints
	give
	n 
	in
	of
	such 

	upright axle describes in a revolution. 
	an 
	Let 
	us

	that the pressure R is equally 
	Fig. 
	177. 
	assume 
	distribu
	ted 

	the whole surface, let us also suppose equal are equal.Let us further di,-i<le the base by ra<lii CD, CE&c., into equal sectors or triangles DCE; to thesŁ will correspond not onJy equal amounts of but also equal moments, therefore, it will be neresŁ sary only to find the moment of friction of one of s. The frictions of such a be regarded as parallel forces, for they all tangentially, i. e. at _radius CDthe centre of gravity of a body or a surfathan the point of application of resultant of the parallel force
	over 
	that 
	on
	parts 
	of the 
	bases the 
	frictions 
	frictio
	n
	these 
	tnangle
	triang
	le 
	may 
	act
	right 
	a
	ngles 
	to 
	the 
	,
	and 
	since 
	ce
	is 
	nothing 
	more 
	the
	ted

	body or surface, accordingly the centre of the
	over 
	this 
	of 
	gravity 
	S 

	Ł1: triangle DCE is here the point of application of the result..
	sector 

	ar1s1nŁ from its different frictions. If no,v the on this 
	ant 
	pressure 

	and the radius CD= CE, the base = r, it follows
	sector 
	== 
	-, 

	n 
	fR
	§ 104) the moment of friction of this = 
	that (from 
	sector 
	CSB
	. 

	n 
	Figure

	Figure
	Figure
	Figure
	POINTED AXLES. 
	• 
	3 n
	2 R 2
	f

	-n.--=-R.
	r
	f
	r

	3 n 3
	_ 
	Fig. 178• 
	i, we have then to de-
	radii 
	are C.IJ..=r and CD=r

	. 2r -r 
	3
	3 

	Figure
	ing, and from§ 109, obtain the arm CS =\ i\
	r
	a 
	,

	r-r2
	1 

	,2 r 3_r 3)
	(

	therefore, frictione= fR \ • 
	the moment 
	of 
	3
	\e

	_
	1 2 
	r
	r

	If we introduce the mean radius 
	r
	1
	!
	r
	2 
	= 
	r, 
	and 

	breadth of the ring r1 -r!l = b, we obtain this 
	the 

	moment of friction alsoe= R (r + Łr)· 
	f

	mechanical effect of friction for a revolution of the axle is in the second case = 2 n fRr = n f Rr, and in the first 
	The 
	·3 
	2 
	4 
	3

	33nfR (r-ri)· Here we easily see that to diminish this loss of
	4 
	1

	3 r-rmechanical effect, the upright axle or shaft must be made as light as possible, an<l that a greater loss of mechanical effect would arise if, under otherwise similar circumstances, the friction ,vere to take place in a ring instead of a complete circle. 
	l 
	2
	2 
	2 

	Example. In a tmbine making 100 revolutions a minute, and 1800 lbs. weight, the size of I.he pivot at the base, is ½inch; bo,v much mechanical effect does tht1 friction of this pivot consume in one second 1 The co-efficient of friction being taken = 0,1 we Lave the friction / R = 0,1 . 1800 = 180 lbs., the space per revolution 
	4
	= Ł tr r = . 3,14 . 2-= 0,1745 ft.. lbs., hence the mechanical effoct per revo
	-

	3 24
	3 

	lution = 180 . 0,1745 = 31,41 fl. lbs. But now this machine makes in a 
	second 

	100 5 . .
	= of a revolnuon, hence Jt follo,vs that the loss of mechanical effect sought 
	6() 
	3

	14,1 
	3

	52,3 ft. lbs. 
	= 

	§ 172. Pointed Jlxles.If the axle .IJ..BD, Fig. 179, bas conical 
	-

	Łnds, the friction comes out greater than if
	plane ends, because the pressure of 
	it 
	has 
	Fig. 
	179• 

	axle is resolved into the normal forces 1, which produce the friction, and 
	the 
	R 
	N, N

	Figure
	a., we have 2 N = , and
	= 
	BDC 
	= 
	R 

	_
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	R 
	• Let the radius of the axle C.11.
	s.ina.
	= 
	f
	. 

	= 
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	at 
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	presented by r, we before the moent = this a little only into the step, the rn,
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	Ł
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	1 
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	plane 
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	of service. When for example,
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	the pointed axle of the radius
	nical effect through friction ,vhich the f axis of the r does.
	runcated 
	ra<
	.liu
	s

	If the pi\·ot forms a truncated cone, Fig. 180, friction as well at the envelop as the truncated Łurface, and the 
	take
	s 
	pla
	ce
	mome
	nt 
	of

	r3-r1J ) 2fR 
	3 r


	( :i 
	( :i 
	the half of the convergent angle. 
	place of 
	entrance into the step, and r
	1

	a. 
	r e the radius 
	l 
	, 
	·c
	t 
	b
	of 
	the 

	.DE the base, a.o 
	= 
	that 
	of 
	and 

	Fig. 180. FJg. 181. Fig, 18.2. 
	Lastly, the pivot or upright axles (Figs. 181, 182) are ,·ery often rounded. Although by this rounding, the fri�tion itself is by no means diminished, there arises nevertheless a diminution of the mo­ment of friction, from the extremity not <lipping far into the step.If "·e suppose a spherical rounding, we obtain by the ni<l of tlle higher calculus for a semi-spherical step, the moment of 
	_
	frictio
	n 

	= f.!!. . R r; but for that of a step having a Jess segment
	2 
	: [1 + 0,3 ;)i]R1.ltl.ll. 
	= 
	(
	r
	, 
	r 
	being the 
	radius of 
	the 
	sphere 

	= .JifB, rthe radius of the step C.11 = CB • 
	1 

	.J!?;ampk. If the weight of the armed axle of a horso capstan R = 6000 lbso.mchus of the conical pivot = r = l inch, and the angle of conYcrgenco of the con
	., 
	th
	e

	• , then the mo1nent offriction ofthis pivote= ./. _Rr =.:. 0,1 . 
	2 
	= 
	90
	° 
	2 
	O
	OO0 

	3 3'14, • 3 ai>0
	t. I.I 5

	1
	·-&,Ł = 47,l ft. lbt:t. Tlli3 axle makes during the Uillng up of a 1011 fr
	= 
	om 
	a

	3vi
	nft o:r in== u = 24 revolutioUB, then the mechnnicnl cftect which Ł expended 
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	ttll .• 
	§ l 73: Points and Knife Edges.-To avoid ns much as possiblete fr1ct1o_n of the axle, rotatory bodies are supported on pointed pivots, knife edges, &.c. If we had only to <lo ,vith perfecily rigid 
	Ł
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	and inelastic bodies, no loss of labor ,vould arise through friction bythis method of support or suspension, because no measurable spacehere is described by the friction; but since every body posseses a certain degree of elasticity, by the resting of such a body on a point ?rknife edge, a slight penetration takes place, and a rubbing surfac1sthereby caused, upon which a space is described by the friction which gives rise to a certain loss of labor, although very small. In rotations and vibrations long susta
	Ł
	Ł 

	Experiments on the friction of a body resting upon a hard steel point, and revolving about it, have been made by Coulomb. Fromthese, it results that the friction increases somewhat more than the pressure, and varies with the thickness of the supporting pivot. It is least for a granite surface, greater for one of agate and of rock crystal, greater still for a glass surface, and greatest of all for a steel one. For a very small pressure, as in the magnetic needle, the pivotay be pointed to 10or 12of convergen
	Ł
	° 
	° 
	Ł
	° 
	Ł
	Ł 
	_ 
	° 
	° 

	Remark. If we assume that the needle Fig. 183 . 
	.11.B, Fig. 183, rests on the point DCE of the pivoL FCG, of the height CM = h, and radius BM= r, and suppose that the vol­ume !lfl' r h is proportionate to the pre�ure R, the amount of friction may be found in the following manner. If ,ve put ½ ,,,. r h = µ, R, ,vbere µ, is a number resultiog from experience, and introduce the angle of convergence DCE = 2 4, and, therefore, 
	put h = r cotg. •• we obtain the ndius of the base r J,.;<m/1· • and/,R 
	=
	R
	. 

	3 
	✓

	Figure
	= 
	3 p. Rtana c:c 
	3 
	4 

	'JI' ff' 
	friction on 
	tl 
	the pivot increases equally with the cube root of the fourth po,ver of tbe pressure, and the cube root of the tangent of half tbe angle of convergence. The amount of friction 
	,· 
	-L 
	-
	-


	of a beam .11.B, Fig. J84, ,vhich oscillates on amay be fo11nd in like manner. Ir c:c be half the angle of convergence DCM, Ithe length COof the edge, and R the pressure, 
	sharp edge CC
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	Fig. 186. 
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	oŁ 
	these 
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	o
	increase directly \vith the pre 
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	roller, o that tl1e force 
	the 
	nece
	s­
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	the pressure, r the radius of andfŁe Ło-efficient 
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	fric 
	..

	_
	be given 1n inches, then 
	If ,,. 
	from 

	0,0310. 
	and D, the required force P here 
	Fig. 186. comes out very small, because 
	------

	t,vo rolling frictions only, viz.,that bet "·een .llB and the rolleand that between the rollers the \Vay HR are to be oYercome.The progressive space of the rollers is only half that of theload Q, and on this account farther progression, the 
	rs
	and
	for 
	roller
	s 

	must be replaced under it 
	from

	Łefore, because the points of contact .IJ. and B, by the roll
	Tirtue of 
	-

	1ng, recede as ances.
	much 
	as 
	the 
	axis 
	of
	the 
	roll
	e
	rs 
	ad
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	:AH has reyolved about an arc .IJ.O, the then ?a space ./J_.fJ1 eq1al to and O comes into conpoint of contact 01 bas, therefore, receded by .11.0
	I
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	ROLLING FRICTION. 
	the power Df)Cessary to dra,v the load R for\\'ard is P 
	and 
	ft, 
	= 

	(f fi) _ 
	+ 
	R

	r 
	Remark. The extended experiments of Morin on the resistance of carnages upon roads,Łccord with the law by which this resistance increases eqoally with the presure, and Jnversely with the thi<'kness of the roller. Another French engineer, l>uputt, on tlae coŁtrary, deduces from his experiments, that rolling friction increases indeed directly witŁ the pressure, but for the rest, only inversely proportional to the square root of e radius of the roller. Particular theoretical views upon rolling friction may be 
	Ł
	Ł

	• The following demonstrations are applicable to especially to railway cars and locomotives. They bring into rolling and friction, as well as the resistance of fixed obstacles to rollingbodies. 
	wheel 
	carriages 
	in 
	general, 
	and 
	view 
	the 
	relation 
	between 
	dragging 

	force applied, first, opposite to 
	R 

	its centre of gravity, and at rightan-gk, to its axis, and secondly, op­posite to the same centre, but in the aame direction with its axis. 
	The former force will, if both the lmOOth, unyielding, and free from foreign matter, produce a progres­sive motion only in the cyJinder.Bnt in every practical case such an application of force produces like,vise a rotatioll, and, in propor­tion as the roughness of the 5'\lr· laces prevents or resists the sHd­
	cylinder and the plane be ptrftctl
	y

	ing of one over the ot�er, in �e same proportion ,vill '"()Oner or latercor• respond to the progremvt motion. We may easily conceive that while a body is moving forward with accelerated velocity, that is, ofgravity ad• vances with increasing rapidity, the revolution on its axis shall uniform, and the mo­tion of any point on the periphery may, at any given moment be either greater or Jess than that of the centre of gravity. Should a cylinder, revolving �nder such circumstances, come to apply its periphery sn
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	Ł 
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	Łgainst some point of the plant', and produces a friction through fconsequently, that the united effects of these opposite motions ? the eŁisŁng rotary moŁion into one in the opposite direction, by nŁ!<> fnchon through. mt1e feet; that is, through the sum of the .preceding remarks, we may easily suppose a wheel or , ,vbich shall cause a mpid progressive motion this motion may generate a dee of rotary motion, °ithe progressive velocity, according to the nature ofthe 
	t
	non, 
	and 
	"•ould 
	be 
	to 
	chang
	a qu
	n
	ity 
	e
	q
	TŁ 
	a 
	direct 
	two 
	mouo
	ns
	.
	1
	llusŁt
	e 
	the 
	cylinderŁ 
	receiv
	e 
	a 
	8ndde
	n 
	percussion
	commen
	cing 
	{rom 
	a 
	state 
	of 
	rest; 
	egr
	which 
	may 
	or 
	Ł
	y
	{;Ł
	t 
	be 
	equal 
	to 
	surf
	ac
	e 
	o-ver 
	w
	u
	Ł 
	it 

	llloves. If, ceases to touc:!1 Ł
	after 
	a 
	short 
	time, 
	the 
	E<urf
	ace 
	of 
	the 
	roiling 
	body 
	tbe 
	P
	e 

	w 1 e
	w 1 e
	traverses free space, the rotary motion will conrinue .
	aurfac
	e and 
	nearly 
	urut:orm
	,


	Łs case
	Łs case
	¥ 
	lD 

	ssive motion may be greatly retarded, or may entirely 
	the 
	progre
	cease. 


	15 
	Figure
	170 
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	Fjg, 187. 
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	body. 
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	edge a pressure R from,vh1ch a friction
	_ 
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	a bull. falling from a to,ver ul the snrn,t1 it rc,·olves on some axis of its O\\"U, conveninto a rectilinear rnotion by Ll1c agency tally 
	example 
	to 
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	cflect 
	is that 
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	,vero 
	Figure
	endw1seor ca.used to revolve its nxis, its sudiico being iu contat•t with the concave pnrt ofits bod, and prt!ssing it with a force due to lhe eight of tho cylinder.The force, then, \\·h1cb.would bo nŁessaryto cnuso tliiŁ body to revolve, ,voultl l,e equalto that ,vhich ,vould be required to cylinder lengthwise along lhe piano. revolution of the cylinder n1u:sttuerefopro<lnoe the same nmouot of frictio1i Ł ifiŁ surfnce were rcduoed taa parnllelbody ,vere dragged ,vithout reyoiV"through its breatlLh over a p
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	Figure
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	consequently the friction: 
	Ff ✓ P+ Q-2PQco. 0-
	= 
	2 
	2
	s
	-

	If further we put P = Q + and P2 approximately = Cl 2 QF,,ve then obtain : 
	F 
	+ 

	F=f ✓Q+2 QFh+ Q-2 Qcos. a-2 FQ cos. Cl 
	2 
	2
	2 

	the cylinder and the bed, EHO, are composed ; this aUowance woult1 cause a new pressure and friction, and thus a decreasing geometrical sries of weights must be added at the point C, having for tlie first term such a part of Was is expressed the relation of pressure to friction, in the case of the given materials, and for a com• rnon ratio of the progression, the fractioo e:xpres5ing the same relation'l'he sum of all the terms, continued to Łero, will be the actual amount ofP at the moment when motion comme
	of 
	which 
	again
	e
	by 
	. 
	together th

	If instead of applying a weight at P only, we should apply, as above supposed, two equal forces, one in the direction of CP, and the other in that of EM, the amount of friction caused by the former would be relieved by the latter, and consequently, there would remain only the friction of the cylinder. The same would be true if the forces ,vere to take either the directions NI and HT, or KO and DS Tespectively. Supposingthe cylinder to be placed on an axis smaller in any given proportion than its own dia­tn�
	<:

	of weight II> friction, we sball have the proportion D : d =F ,the force required 
	: 
	dF 
	=

	Dto overcome the friction on the axle. 
	ubject may be still further illustrated by Fig. 186 ,vbere the hori7,onral plane Hh, is reprŁented as fumiŁed at eqoal distances, with Łall balls or prominences so attached to its surface as to present equal obstructions lO the dragging of heavy bodies along that surface. 
	This s
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	Fig. 186
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	2 
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	wheels on the rails in the one ca.seŁand slicling with wheels clolQ(l'dor engine reversed in 1 lvunco in sucb 11 manner as to apP,ly its periphery te> n length of plono JU t t•Łual to tho spaco tra. versed by the centre, the proin1nenccs \\'ill oo _genretl to;;other hko ŁlŁ tu,•th and pinion. But in the latter case the pn11nu1e11001 rnay all ro1na1n 
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	theradiuaandvenedline. Substituting Rfortheradiua ofthe, larger wheel, andrthatofthesmaller, ualaoAfortheperpentlicnlar height oftheobatacleinbotP-m•tr.theabo•enpreesion oftheftlueofPbecom• WX\/'JRA-1&• andb•aooune oiŁ--R-la ' ' eoniag precieelr aimilar, we obtain fl -
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	.first members of the square root only. Now if F-JFsin.;isgiven 
	2f Qsin. , then the friction sought is 
	= 
	;

	would, to the extent of their accelerating forceovercome a portion of the resistance which
	,

	friction opposes to the motion of the car. 
	Thua, in every case where we would compute the effect of friction by comparing the ŁŁal Łistance passed over by a carriage, with the theoretical descent as caused by the1nchnatton of the plane, we must consider the weight of the car and load u the cause of friction on the axle, and the gravitating power ofthe wheels (and that of the axles when they revolve with the wheels), u aiding to overcome the friction by the load. 
	occasioned 

	Figure
	Tocompute the effect ofany obslacle ofgiven height which a rolling body is compelledto surmount, aa dependent on the diit,ineter ofthe wheel, we may talte two wheels E.41).and tad, Fig. 186, of different heights, intended tosurmount the equal obstacles T.IJ. and ta.Let the weights Wand t.o be the same for both wheels, and the powers P and pbe such as toproduce an equilibrium in the wheels DAE and dat respectively. Then since (§ 7:i and 139) three forces are in equilibrium, where each is repreeented bythe mw
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	Ł.the-!'elation oflinetoooaine jatheaameuthatof 1anp0t to,-diu,,••_,Łb-•titute the proportion"P :p-= ta•.·DC.A : ,t-,. • We may be a..ured that thit •te-R r
	when we oonaider that the centre of gravity of the 
	ment 
	is 
	true, 
	wheel, 
	wh«e 
	Łe 
	"1P.­

	that 11111118Ł
	that 11111118Ł
	an<I 

	"""

	pose 
	the 
	force 
	P 
	or p, to 
	91 
	:
	m
	e
	e 
	i
	., 
	t
	e
	ort 
	when the centre is at Cand c .reapectivelf. Bui Łlength of the inclined plane which the weiJht begins n1tude u die auoce•••ŁpŁea
	ill 
	be 
	requlJ'
	ed 
	the 
	t CC?, 
	whacb 
	expres
	,es 
	e 
	to 
	Ł0'1Jlt, 
	1" 
	of
	Ł
	e 
	IJBIJle 
	mq
	the 
	tancent 
	J)T 
	of 
	die 
	angle 
	DC.4, 
	and 
	e 
	will 

	.
	ocidentwuhthehmiaonlal line. Baliof, 
	be
	1119re 
	Łlyooi
	· 
	oaa

	· , · . ... 15• . •. . 
	f:IJe.fŁŁ pŁplea,. . 
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	i 
	1-si,1. 
	1
	1 

	; ( I +fsin;) 
	. 

	Figure
	an<l in<lee<l Yeroften = .2J Q sinh; . 
	y 
	. 

	.
	nre cmnmon Y ·
	• .FJ8·
	" 

	.,
	overcon1u than tl1at wheel 
	yf 
	friction 
	at 
	tho 
	uuvt,. 
	'I'l
	aus, 
	111 
	,g. 
	li5, 
	w
	J
	tcrc 
	the 

	J,'11,t. 166,. 
	Figure
	,,•DTE turns on its axle, ,O, the line or 8J)Okc,Dbecomes the proper representntiveha. tm1>pŁ11.led lever, impelled at the upper end 1n theclirecuon of &tor ('aP the resistauceŁnuat ,, and nt lhe Jow·er liy the resit;tance of oppos.inf( ol>:.-1mde., (tbe n1nount of
	of
	1
	by 
	of 
	c
	on

	_Ł•uce hns just been smtcd,) in the tlirfCtion DH. It ho,v.on very rough roa1h;, tho resiFtancc from the than 1 the ,vbeel commences its forward motion soothan the; !IO that its inŁ ,notion not ( except in case of gr.-a.
	l
	cb 
	re
	eistan
	generally 
	haŁp<>ns, 
	ever, 
	that, 
	except 
	latter 
	cause 1s 
	less 
	d
	iat f
	r
	om 
	the 
	fonner. Hence
	ner 
	axl
	Ł 
	be,tins to slide in tl.te box
	slid
	ie 
	t

	pcrjphery), iu the tl.irt.>ction of the wngŁt at, 
	re,:;11:,tanco 
	at the 
	l.,ut in 
	that 
	of some 
	other 

	2 
	Figure
	and inversely, to prevent the descent of the weight Qby the cord, a 
	Figure
	line, as IT. now 
	The axle, then, ought to be found bearing not on the bottom, but on a p�ofthe cylinder. Having been led to this conclusion from the theorydeveloped, the writer was induced to inquire of several wheelwrigh�, coach­
	rnakers, carriage-smiths, and keepers of livery stables, whether they bad ever noticed the fact, or whether they supposed it to be true, that the axle did rest in. its box elsewherethan on its lowest part; all, after a moment's reflection, answered, that as a force was to draw it forward, it must press and be most aide; but upon examining the old axles in their posse88ion, they have uniformly found the above views to be confirmed by eviden<.'e which they could not doubt. Io moving carriage, then the animal 
	applied 
	worn 
	against 
	its 
	fr
	ont 
	and 
	lower 
	a 
	descend 
	by
	the 
	gravity 
	of 
	the 
	load 
	along 
	­
	If 
	the 
	axle 
	be 
	smaller 
	at 
	thŁ 
	same 
	!ime 

	1
	from C, to Cwhere it exercises a gravitating force due to the weight, 
	,. 
	and 
	1n 
	the 
	direc­

	would, ifthe force P were relaxed, cause the wheel to retreat and the point m towards z, describing the portion mz of a cycloidal curve. This effect isoften o�erved to take place. This position of the axle likewise accounts for the ret,ograderoa-­t� of a wheel which is sornetimes observed to take place through a portion fa revo­lutJo!>, �hen a heavily ,ce. The grav1�tJng force, whn the centre C, I, pe� 
	which 
	again 
	depress
	t
	Ł
	loeded 
	car 
	first 
	passes 
	from 
	rough 
	ground 
	to 
	smooth 
	Ł
	takes 
	the 
	position 
	C
	,., 
	may 
	be 
	resolved 
	into 

	_ the forŁe PfWID acts in the direction ŁP relieve even the 
	Cs
	g.
	fgaw, 
	Ł 
	J 
	, 
	it tends 
	to 

	. . . .
	r. p Wtang. DC.A
	be

	expression ,ore given, viz. extreme
	= --Ł--
	, 
	will 
	be 
	118 
	applicable 
	to 
	this 

	R 
	as to any other where the height, ofobstacle is Jess.
	case 

	The conclusions drawn from the foregoing remarks, are, friction of a rolle,moving over a horizontal surface, depends on the relation between velocity of the 
	that 
	the 
	r
	the 

	�eriphery and that of the centre ofgravity; also, that this relatiqn between the tangen­
	velocity and that oftransportation, will depend on the nioninat of 
	tial 

	_
	Again, the advantage of a wheel over a sledge, where the same materials are eJD• ployed to slide over each other as those which compose the box and axle, id uthlhradi.,. 
	If friction wheels be employed, the ratio just stated must be multiplied bythe relatiqn 
	portiona
	which 
	opŁ
	the 
	progressiv
	the 
	obetacle 
	18 
	ual 
	to 
	the 
	! 
	wh
	10 s
	r
	­
	of a wheel to overcome any obstacle ofa given height.the wheel moves, and the line of draught, are both horizon
	The 
	advantage 
	when 
	the 
	plu
	;.e
	over 
	which 
	tal, 
	will 
	be 
	"'
	!.;

	angfftt tM angk fomud IJ,g a wrtical drawn.fro,n tM centr, of tM urlwŁF
	t
	of 
	l
	0
	1
	M 

	Figure
	11ee JOtll'ftal oftlte Frat11dift e, voL v. 
	carriage 
	wheels, 
	p. 
	67.-Ax
	. 
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	2/sin. Ł 
	2

	force P= 1 -----is requisite; approxi
	1 
	Q+ 
	+ 
	therefore 
	matel
	y

	1-fsin.Ł 
	2 

	= t 2/sin.;Q, and 
	P
	(
	+ 
	) 

	Q
	• , or more simply
	p 
	:::s 

	l + 2fn.e= iI + si) =-= i-2f sin. ŁQ. 
	1 
	si
	(
	f 
	n. i
	p -= 
	Q 
	(
	)

	, G 2
	1 + 2f sin.
	l 

	2 
	cord passes over several edges, tbe forces P 
	If 
	the 
	and 
	P 
	at 
	the 

	application of these formulm. 
	Let 
	us 

	Fig. 18S. 
	Figure
	take the simple case of a cord .IJ.Cedges, and at each edge same small tension the fust portion of tbe cord will = 
	B
	Fig. 188, 
	passing over a 
	body 
	of 
	1;
	making 
	the
	angle 
	a. The 
	of
	be 
	Q
	1 

	1 2/sin. iQ, that of the 
	(
	+ 
	) 
	ex­

	tremity be Q, of the secon
	= 
	that 
	d 

	1 =(l i1 
	Q
	+ 
	2f
	si
	n.
	) 
	Q

	=1 2f sin.e' Q; that 
	(
	+ 
	;)
	of 
	the 

	= (1 2/sin. Q
	the 
	fo
	rce 
	at 
	the 
	remaining 
	extremity 
	P 
	+ 
	;)
	0 
	, 
	in 
	so 

	= 
	Q 

	11
	P into Q, and Q into P, ,ve obtain P
	1 

	1 + 2fsin. 
	(
	i
	)

	a motion in the direction of Q is to be prevented.
	ed 
	only 

	The friction F= P-Q isinthe first case = [1+i)"-1
	(
	2f sin. 
	J 

	Q, and in the second= Q-P= 1 + 2/sin. i)-1P::;; 
	1 
	[(
	0 
	J 
	1 

	[1 -(1 + 2fsin. i)-] . 
	n
	Q

	Figure
	Figure
	ROLLING FRICTION. 
	Fig. 189.
	The same formulre are applicable to a body winding round a cylinder, and consisting of members, as, for instance, a chain .IJBE, Fig. 189, where n is the number of links in contact, the length .llB of a link = l, and the distance C.11 ofthe axis .fl of a link from the centreof the arc covered = r, ,ve then have 
	• G
	s1,n. -= _ 
	l 

	2 2r" 
	Examplt. What is the amount of friction at the circumference of a wheel 4 feet in <liameter, if twenty links of a chain, five inches long and one 
	2 48+1 49 
	F= [ (1+2.35. Ł)-1 J.50= [ (1+ ::)-J .50 
	0
	4
	20 
	0
	00 
	1 

	Fig. 190.
	176A stretched cord .llB, Fig. 190, lies about a fixed and cylindrically rounded body.llCB, the friction may be like\vise found from the rule of the former paragraph. Here the angle of <leYiation EDB = o.= the angle ACB 
	§ 
	. 
	.E. 
	0 

	,, 
	p 
	1 
	at the centre subtended by the arc of the cord 
	])J _ -.. \
	A' ___ c
	;:
	AB; if we divide this into equal parts, and consider the arc .llB as consisting of n straightlines, we have then corners, each with a <le-
	n 

	o
	viation of�, and consequentJy the equation be­
	n 
	vo 
	tween the power and weight, as in the former : 
	§

	= 
	p f
	( 
	1 
	+ 2
	sin. 
	Ł)II 
	Q.

	2n 

	(1 +1;;)" Q.
	(1 +1;;)" Q.
	P 
	= 

	obtain: 
	n 
	n-2
	= 
	n3 ·
	-

	ut 11 is very great, therefore n---1 be put: 
	Ł
	as 
	it 
	may 

	· · · = 
	n
	= 
	1 . .2 
	1.i.3
	:r:3 
	Figure
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	• 

	the base 2,71828 ..efore, it may also be put: 
	.

	of the hyperbolic system s, the
	of 
	logarithm
	re
	.. 

	p
	1 
	3026
	2,
	Figure

	(Log. P-Log.. Q).
	= 

	If the ar{of the cord is not gi\-·en in parts of tt, but in 
	degr
	ees
	, 

	we have then to substitute o. = ;• it be exp
	1
	Ł
	0 
	J(; 
	if lastly, 
	ress
	e
	d 

	by the number of coils u., ,ve have then to put o = 2 "' u.
	The formula P = el• . Q Ł>..""}lreŁses that the friction of tŁe cord cyhnder 1s not dependent on the of the same, but on the nŁmber of coils of the cord! anŁ moreo-ver sho,vs tbat it may very easily be increased, almost to 1n1in1ty. If we put = ¼, ,ve have: 
	F= 
	p_ 
	Q 
	upon 
	a 
	fixed 
	d
	t
	amet
	er
	_
	f

	For ¼ of a ,vinding P = 1,69 Q
	P == 2,85 Q
	" 
	½ 
	" 

	"
	" I P = B,12 Q
	2 P = 65,94 Q 
	" 
	" 

	P = 4348,56 Q, &.c. 
	" 4 
	" 

	Fig. 191, 
	&ample. To let tlown a al1nf\ a load P the rope to is nttucbotl is"' rnppcd 1 I timea firmly clomped holder .IJJJ, Fig. 1l, and o ne1lre1nity of the rope is held by the ,vhnt force must tllis extrentity be ltretcbed Jootl mny slowly nnd Wliformly de!Cend?' Iwput rf= 0,3 we obtain this power 
	of 
	1200
	lbs. 
	froo, a 
	cennin heigbt
	1 
	,vhich 
	t
	h
	.
	,veight 
	about 
	n 
	rou 
	:
	9
	th
	o
	th
	hand
	. 
	w:
	thnt 
	th
	f 
	e 
	Q 
	= 
	p, 
	-J,.

	11 
	33

	3 . 2 
	3 . 2 
	-

	--"' 

	= 1200 •t--0· 8 ,r = 1200 · 
	,
	t 
	4
	0 
	, 
	there
	-


	3
	3

	fore, hyp. Log. Q=hyp. Log. 1200 -., = 7090
	-
	1

	40 
	-2,591S = 4,4983 . Log. Q = 1,9536Q = 9 lbs. 
	, 
	89
	,

	§ 177. Rigidity of Cliains.-If ropesor other Łimilar bodies, &c., are placed over a pulley, or on the circumfere
	nce 
	of

	other cylinders revolving about an axis, the cord or chain considered in the foregoing paragraph ceases, because the ference of the the same ,·elocity as the rope; but no,of bending by the winding of the rope and thatof uŁben<ling un,vinding, becoŁes perceptiŁle. If it run ,vh1cb winds clru1n, there arises the resistance t'\'iand un,vinding manifested in a friction of the pins, while. last are revolving through a certain angle. If.IJ192, isBG the one lying next, if, further, C is of rel"o..
	fricti
	on
	circu
	m­
	wheel has 
	v 
	the
	force 
	about 
	the 
	Ł
	ulley, 
	also
	_ 
	by the 
	is 
	a
	ch
	round 
	a 
	of 
	he
	nding 
	chain 
	these
	B, Fig. 
	onŁ 
	hnk, 
	and 
	the 
	axis 

	Łut1on of the wheel on ,vhich the chain stretched by the ,veight Q windsitelf, if, last.ly, CŁI and CN are Jet fall perpenhdicularly to the lonŁer axes of the hnks .IJ.B and BG, Ł[CH= Łis the angle through which 
	.
	Ł
	0 
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	the wheel revolves whilst a fresh link is laid on, FBG = angleby which the link BG with its bolt BDrevolves abeut the link ./J.B. If now BD =BE=ris the radius of the bolt, the point of friction or pressure D descTibes arc DE='l\a, and the mechanical effect friction Q hereby produced at the point B is Q . rG. The force Pex­i!1 overcominthis friction,_ acting 1n the direction of the longer axis BG,describes the simultaneous space s= CNtimes the arc of the angle .lt[CN= CN. "the mechanical effect = P• CN. 
	180°-.IJ.BE is the 
	1 
	an 
	of 
	f
	1 
	f
	1 
	1
	1 
	p
	ended 
	g 
	' 
	and 
	1 
	G;

	equating both labors we baveP• CN 
	by 
	1 

	• o. =fi Qra, and the required force, if 
	. 
	1

	ent the radius of the drum CN increased by half the thickness 
	a 
	repres

	Fig. 192. 
	=========---
	\ 
	. 
	Without regard to friction, the force for a revolution of the would be P= Q, having regard to the friction in the ,Yinding up of 
	wheel 

	chain P = Q+P(1 +ft -? ) Q. If the chain un,vinds 
	the 
	1 
	= 
	itselfh

	,from the drum, an equal resistance takes place; if, therefore, a wind­ing on one side, and an unwinding on the other take place, the force 
	P = ( 1+fŁ) Q, or approximately : 
	1 
	2 

	1 + 2ft :l ) Q. 
	= ( 

	Lastly, if the pressure on the axle = R, and its radius = 
	r
	.
	, it 
	• 

	follows that the force, taking into account all resistances, is: 
	P= (1+2fi Ł) +f: R. 
	P= (1+2fi Ł) +f: R. 
	Q

	Fig. 193. 
	Exa,nplt. What is the magnitude of a force Pat the ex­e�ty of a chujn passing over a pulley .IICB, Fig. 193, if 1.he Weght Q drawing vertically downwards = 110 lbsthe
	tr
	Ł

	.,
	the pulley ,vith the chain 50 lbs., the radius of the Pley measured to the middle of the chain = 7 in., that of t ax.IC J inch, and that the cl1ain bolts = f in. 1 The 
	Weight 
	of 
	i::!
	Ł 

	ffic1ents of friction f 0,075 and /1 = 0,15, therefore 
	Ł
	= 

	8.7 
	the right hnnd nearly = 110 lbs. 
	Figure
	. 270 = 111,76 1,81 + 113,6 
	. 270 = 111,76 1,81 + 113,6 
	+ 



	8.7We assume on
	or 
	"f 
	' 
	1 
	P 

	p
	lbs:== 
	lbs:== 
	1,
	0 
	16 . 
	110 + 0,0067 

	e
	in as a resistance pp
	o
	osed 
	to 

	moti
	Ł
	n.

	wheel, 
	rigid
	ity 
	comes 

	RIGIDITY OF CORDS, 
	180 

	of this resi tance by experiment. The results obtnine<l by themeans satisfactory; partly becau e they in ·uffiaccordance with each other, and portly not 
	m 
	are
	by 
	no 
	are 
	not 
	cie
	nt
	becaus
	e they 
	have 
	tha
	t

	'
	extension so practical application. I'he experimCoulomb, hich are those only of ,vhch were 
	desirable 
	for 
	ent
	s 
	of
	w
	!
	,ve 
	Ł
	hall speak
	mos
	tly

	.,
	made with hempen cords, of ¼ to ! inch twith pulJ
	h1ck, 
	nnd 
	eys 
	of

	.
	from 1 to 4 inches diameter. Other exper11!1ŁnŁs must be fore ,ve can k"nO\V \,·hat is the resi ·tance of ng1<l1ty of a hempof from 2 to 3 inches thick, when wrapped round _ druŁ of fro6 feet in height; and also what is the aruount_resistacase of the wire-ropes, now come generaUy tnto use.•
	mad
	e 
	be.
	en 
	r
	op
	e
	a
	m 
	l 
	to
	ofthis 
	nce 
	in 
	th
	e

	Coulornb 1naŁe hishexperiments
	. t,vo
	in 

	Fig. J94. 
	Figure
	which pulls, by means 
	thin Łtrin
	of 
	a 
	g 
	t

	a
	this roller; at another time, with 
	a 
	cylin
	de

	which was allowed 
	ont:i
	to 
	roll 
	upon 
	a 
	horiz

	line, and round which a cord ,vaŁ and from the differenc_the weights 
	,v
	ou
	nd
	e
	of 
	s
	us:

	.
	pended nt both extremities, ,vhich 
	effec
	ted

	slow rolling for,vard, and after abstrat
	c
	ion 
	0Ł

	rolling fri<·tion, the resistance ofthe 
	the 
	rigi
	dity

	was deduced.
	It results from the experi�ents of Coulo!nb, that the �igidity in­
	_
	creases equally with the tens1on ofthe ,v1nd1ng cord; that 1t conRists moreover, of a constant part K, which is no more then might be ex�pected, because a certain force is necessary to bend an unstretched cord. It also appears that this resistance increnses inversely as the diameter of the pulley; that it is, therefore, with twice the diameterof the pulley, on1y half as great; with th�ee times the diameter, one­third, &.cThe relatio� betwee� the thickness and tl!e rigidity of the cord 1s only approximately 
	.-
	.
	twi 
	ting 
	of

	4
	to the po\ver d•old <Jl,, d being the diameter of the rope. therefore, only an approximation, ,vhen some a ume that this resist: ance increases proportionally with the thickness, others with the square of the thickness of the rope.
	1
	7
	, for 
	It 
	is

	§ 179. The rigidity of cords may be therefore expressed by the
	formula!: 
	formula!: 
	S= d" (K., Q), where d is the thickness of the 
	+ 
	cord


	' 
	a
	• of the pu11ey measured to the axis of the Kand,,, 
	the 
	radius 
	cor<l, n, 

	• See Appendix. 
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	1,1
	d

	8= -(2,45 + 0,053 Q), and for old
	a 
	d,4 
	l 

	l 
	l 
	l 
	a

	• 

	expressed in Prussian inches and pounds, 
	sure
	; 
	they 
	become, 

	8= -(14,23 + 0,295 Q) and 8= -(6 ,83 + 0,141 Q). 
	1 

	a 
	a 
	a

	As these complicated formulre do not always give the results in accordance with experiment, we may, until other experiments super­sede them, put with Etelwein 
	y 

	8= ., . :Q = !ŁŁ provided that a be expressed in
	3
	' 

	ahPrussian feet, and d in Prussian lines, Q and 8 in the same weight,however, may be arbitrary. For the metrical standard 
	which, 

	= 18,6 . tP _ This formula, as might be expected, will give 
	8
	Q

	a 
	satisfactory approximative results only for great tensions, as theygenerally occur in practice.
	The rigidity of tarred ropes is found to be about ¾th greater than that of untarredh; for wetted ropes, however, there is no determinaterelation of this kind • 
	ampk. With a tension of 350 lbsand a raJius f the pulley of 2½ inches, the 
	Ł
	., 
	Ł
	Ł

	. _
	ngid1ty of a new rope of Ł Imes = 0178 (English) mchaccording to yS = f. (i) •• 14,23 + 0,295 . 350) = 0,613e. (7,0 = 28.8 lbs.(according to Eytel
	es, 
	Pron
	, 
	1s: 
	1
	7 
	; 
	-

	9• 350
	9• 350
	1 

	witi) S = · = 38,9 lbs. Were the tension . only lbs., ,ve should
	e
	24 
	Q
	150 

	3500 . 5_ 
	3500 . 5_ 
	have from Pron, S = 0,613 . 23,4 = 14,34 lbs. i from Etelwein = 
	y
	y
	: 
	= 
	81 
	Figure
	• 
	24 
	• 
	3
	16,7 

	350 
	lbs., therefore, here a better accordance. :We see from these examples, bow little reli• ance is to be plaoed on the formula. Remark. A farther extension of this subject, viz. in respect to the rigidity of s, will be given under the article, windlass and capstan. 
	wire 
	rope

	§ 180. Let us now app]y the formula given for the rigidity of cords,theory of pulleys. The radius CJJ. of a fixed pulleye= a, radius of the axle = r, the thickness of rope 
	to 
	the 
	Fig. 
	195, 
	.the 

	= d, the weight Q at one extremity of the cord, Fig. 195. 
	---=•
	se weighte= G,)and the power which mnst be 
	(wh
	Ł

	to the other extre1nity to draw it slowly= P. Without friction on the axle, and with­rigidity, P would be Q, but because the axlehexerts a pressure P + Q + G against its 
	app
	hed 
	up 
	out 

	Figure
	. 
	= 
	D: 
	A 
	Łf

	I}) 
	---

	. .
	-

	I
	i' 
	'-

	•·
	. -which, since it acts at the radius , makes an 
	r

	i 
	. 
	I 
	r..-''l' 
	increase of power -l!.. (p + Q G) neŁessary ; 
	+ 

	.
	16 
	· 
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	itself in this, that the cord does not at once curvature of ce of the pulley, but lays itself with curvature and in this manner sion of Q; the arm,' therefore, of the C.IJ. and the force at the arm CB 
	take 
	the 
	th
	e
	circumferen
	upon 
	the 
	puller 
	a
	n
	increasing 
	causes 
	an 
	exten
	of 
	th
	e 
	arm 
	weight 
	Q 
	is not 
	hut 
	CD
	,

	==C.IJ.==a,P:::s ŁŁh. Q-=-(1 + ŁŁ) S+ (K+., Q)
	Q-Q+
	-Q
	Ł
	. 

	The complete equation between the power weight 
	and the 
	is 
	now 

	P-Q+Ł+• Q)+-L!' Q+ G).
	(K
	(P+ 

	a 
	a 

	and axle the power P acts different arm 
	In 
	the 
	wheel 
	at 
	a 
	a 
	to 
	th
	at 

	Pa -Qh+ cJn (K+ " +fr + G), and p _ ŁŁ(K+•Q) +(P+ Q+ G).
	Q) 
	(P+ 
	Q
	Q+ 
	f
	r

	a n a 
	Hence the force _ (h +"<Jn +fr) Q+ <Jn K +fr G
	Figure
	• 

	p -_
	a-fr 
	Example.-A weight Q = 200 lbs. is to be raised with the wheel and 
	axle 
	by

	power P ; sppose he wheel to I½ feet, an<l the pivot inch the rope applied ½ an inch thick, and the weight of tho whole n1ach1ne 70 radius must we give to the axle 1 It must be: 
	= 
	50 
	lbs.
	Ł
	Ł
	Ł 
	Ł 
	rad
	ius, 
	anŁ
	lbs
	., 
	wha
	t

	b =[Pa--d• (K+ , QJ-fr (P + Q+G)]+ Q,
	therefort', in numbers if we put/= 0,075, 
	b = [50 .e18-(½) • 'T.(14,23+ 0,295. 200)-0,075e. i. 320) + 200[900-0,3U8. 73,23-12] + 200 = 865,4 + 200 = 4,3-i7 inchc:5.. 
	= 

	Without additional resistances b woul<l be 
	Pa+ Q-= 1:; + 200 =-0,37:i feet -4½ inches. 
	= 

	CHAPTER VI. 
	ELASTICITY AND RIGIDITY. 
	§ 181. Elasticity.-The parts of a rigid body adhere to each other with a certain force, ,vhich is called cohesion, and which must be overcome when bodies are changed in their figure and extension orŁrokenhe eŁect which forces produce in a body, is a 
	. 
	!
	first 
	chaŁ
	ge

	_hin the position of their parts relatively to each other, and a resultchange of form or volume of the body. If the forces acting upoexceed certain liits, a separation of the parts, �d a break�whole body ultimately take place. The bod�er a change of form by the action of forces, resume per­former state after the withdrawal of is calletaaticity. The elasticityhof every body has a thechange o� form ?r volume exceeds a certain amount, the body retains alteration of its volume, even when the forces \\·hich have
	ing
	n 
	a
	body 
	!13
	Ł
	ing
	of 
	he 
	capab1hty 
	of 
	ies,
	which 
	su
	to 
	fectlf 
	!heir 
	the 
	forces, 
	d
	l
	· 
	certain 
	limit. 
	If 
	Ł 
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	h suffer a considerable change of form before this Łare called perfectly elastic. Those, on the other h1ere is scarcely any appreciable change of form are called inelutic, although in reality there exist no kind.
	BodŁe
	s 
	w
	h
	ic
	limit _is 
	att
	1
	ned, 
	and,
	. 
	n
	whic
	h 
	t
	h
	precedi!-1g
	t
	h
	e 
	limit, 
	bodies
	of 
	this 

	hinery never to h an extent, that any alteration of their form h less exceed, the limits of elasticity. 
	It 
	is 
	an 
	important rule in building and in mac
	load
	the 
	_mater
	ials to suc
	sh
	ould
	attain, muc

	§182. Elasticity and Strength.-Different bodies present differenthenomena when their form is changed beyond the limits ofelasticity.hemetals, it will admit of alterations of form beyond the limits of elas­hout suffering a separation of its parts. Many bodies are ard, othopposes a great resistance to a separation 
	p
	Ifa body be brittle, it flies into pieces. If it be ductile, as many of t
	ticity, 
	wit
	h
	ers 
	soft 
	the 
	one 

	about.• 
	hilst
	of
	their 
	parts, "'
	;

	he the word, \\·e understand byelasticity, thehich a body opposes to a change of form; on the 
	In t
	restricted 
	sense 
	of
	resist
	ances w
	other

	and, bystrength, the resistance which a body opposes 
	Ł
	to 
	:1 
	separa­
	tion 
	of
	its 
	parts. We will accordingly, in what follows, consider 
	eac
	h 

	their form and dimensions, we distinguish
	According to the 
	way 
	in 
	whic
	h
	and 
	c
	h
	ange 

	external forces act upon a he elasticity 
	body,
	t

	2. 
	2. 
	2. 
	he relative resistance, 
	T


	3. 
	3. 
	he re1istance to compresnon, and
	T


	4. 
	4. 
	he resistance to torsion. 
	T



	resists byits absolute elasticity and strength any extensionhhe body \\ill resist by its relative elasticity andbending or fracture. If, further, two forces act 10 the 
	a 
	body, 
	it 
	or 
	rupŁure. If, on t
	e 
	ot
	h
	er 
	hand, 
	t
	h
	ese 
	fo
	rces 
	act 
	at 
	rig
	h
	t 
	angles 
	to
	the 
	axis 
	of 
	a 
	body, 
	t
	1
	sŁre
	n
	Ł
	h 
	any 

	her compressed or crushed, then t
	com
	es 
	eit

	here is the elastidty and 
	. 
	of compression to be overcome. If, lastly, forces strive !body in opposite directions about an axis, or which do plane normal to the axis, then there is the eluticity 
	streng
	th 
	to
	urn 
	a 
	not 
	act 
	1
	n 
	the 
	same 
	and 

	.Modulus of Elastici,ty.-The change of volume within tŁe 
	Ł 
	183. 

	.
	elasticity, i.e. the extension or compression al to the force exerted, but if this limit, this proportionality ceases, and hing. As a measure elasticity is that which expresses elongate a prismatic body of a transverdouble, or to compress it to different modulus corresponds to 
	lun
	its 
	of 
	of 
	a 
	body, 
	11
	pre
	tty 
	nearly 
	proportion
	ch
	ange 
	ex•
	ceeŁs 
	that 
	the 
	c
	h
	ange 
	goŁs
	.
	on
	rapi
	dly 
	to 
	that 
	ofrupture or crus
	of 
	the 
	elast
	1
	c!ty,
	!
	h
	e 
	mod
	ulus 
	of 
	E, 
	the 
	fo
	Ł
	ce 
	whi
	_
	ch 
	18 
	nŁc
	essary 
	to 
	se 
	section
	,
	unŁty
	Ł. 
	': e. 
	a 
	1quare
	foot, 
	to 
	o
	!1
	e-half 
	of 
	its
	ori
	gin
	al 
	length
	. 
	A 
	ddferent 
	mate
	-


	• See Appendix. 
	rials: for each substance it mu t be determined by experime. 
	nt
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	F
	the rest, \Ye must bear in 1nin<l tbat .Łelasticity fholds good for extensions and compressiow11.h1n lirnit Y
	the 
	mod
	ul
	s 
	of 
	on
	r 
	ns 
	the 
	of 
	ela 

	s
	measure is one, not ofob:,;ervation, . 
	ticity, 
	and 
	its 
	but 
	of 
	h 

	pothesis and calculntioŁ, find a 
	bee
	a
	usŁ 
	it
	is 
	not 
	easŁ 
	Ło 
	bod
	Ł 

	so 
	_
	1''ig. 196. 
	the transveŁ·e section 1Ł requires 
	l, 
	and 
	for 
	its 
	e
	xte
	n­

	]!C = 
	Figure
	sion DG=l, the force E, 1f, ho,vever, 1tstrnnsvit consists of F' contiguous pri. E. If, on the other hand, this teudecl a length DN = C.ll = "-, then for the 
	erse 
	s
	cctio
	F, 
	that 
	is, if 
	·ins, 
	this 
	fo
	n 
	16 
	is 
	then 
	F
	bo<ly 
	is 
	to 
	be 
	r
	ce 
	forc
	e 
	p 

	ex. 
	l F. E, ancl inversely, 2. ,. 
	Ł
	= 
	P

	=
	Figure
	I. That P 
	l
	F. E. 
	· 
	The same are also applicable to abody .flC, Fi. 197 
	formul.Il 
	Ł
	of 
	th 

	length .IJ.D = l,and the transverse sectio.flB_ 
	. 
	n
	e 

	F,g. 197· 
	if it become shortened a length ,. by the 
	comp
	re;
	i{

	of a force P. 
	' 
	n 
	o 78'!; . (.2..) 1 = 0,0218square incheŁ tho required foroe o.ccordi11gly isP= ?ŁO146Ło000 =442lbsifaniron chain,60fceL long anll 0,2 inches dŁok, bostrctcbCkl hynforceof100lL.s.li>O . GO • 12 108000satne ,.villbeincreasedby alengtb ,..=01013inches0=0§184. Modulu,s of Wo rking Load.\Yhich abody of the transverseextension attains thelimit ofelashc1ty, 1Ł eas1Jy determ1nŁdfromth
	the change of volume (,.) the Łorresponding the quantity of the 
	forc
	e
	j;1
	or 
	from 
	the
	. 
	force 
	P 
	exten
	sion 
	or 

	' 
	compression. 
	Exanrplt. If the modulus of elastiŁity of bm!'l11 
	Exanrplt. If the modulus of elastiŁity of bm!'l11 
	wit<' 
	amo
	un

	· ts to

	1462:>000 lbs., ,vhnt force iŁ necossnry to strotcl1 r'T feet in length nn<l ¼inch io thick,1es:1? / = 6 . 12 = 60 ntŁ:
	inch 
	a 
	,v
	i
	c
	e 
	5 

	s, >.
	s, >.
	l >. l ,rd.t 

	inch consequently -= --j further F= 
	_ 
	--=--
	= 

	I 120 4 
	]2 

	= 
	1,the!efore, T--:beyond which materials used 1n construction and machinery must not
	bloaded maintain sufficient safety together \Vith If the transverse section of a bo<ly, lusustain 
	Ł
	_
	if 
	they 
	are 
	to 
	dura
	­
	b1hty. 
	w
	ch 
	has 
	to 
	a 

	. P = FT, and 2. F= 
	l

	p
	r· 
	':!'force T by which we judge of the working load of bodies, y 
	he 
	ma

	o
	kaeŁ 
	Figure
	See Appendix. 
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	STROŁGEST FORM OF BODY. 
	The modulus of strength K, which expresses the forŁe by whichha 
	_body of the transverse section unity becomes ruptured, 1s enhrŁly d1f.
	.
	_

	_
	ferent from this modulus.body, or its least section 
	I. P= FK, and inversely, 2. F 
	1 

	If the transverse section of a prismaticF, it follows that the force, for the rup­
	as 
	= 
	i· 
	rally the strength of materials of constrnction and parts machines are calculated by the co-efficient K, "·hich is divided for sŁcurity's sake, by one of the numbers 3, 4 to 10. This Łakes littledifference in the result, as we may see froin a companson of the values found in the succeeding table, but the supposition is incorrect, be justified only in so far as the 4 to 10 the modulus of tenacity, or generally bears a 
	Gene
	of 
	or 
	to 
	modulus 
	of 
	strength 
	is 
	from 3, 
	times 
	that 
	of 

	section of the body be a circle of the diameter d, we ha,
	If 
	the 

	e
	·

	therefore, 
	P
	P
	'J.

	n <P 
	f4 
	F 
	-
	-


	F, so that d =...J = 1,128 ✓F= 1,128 
	4 
	= 
	,c 
	J 
	T,

	from the load or strain P on a body, and the of its material, the strength may be found, for body \\·ill not be strained beyond the limit of_ elasticity
	and 
	hence, 
	modulus 
	of tenac
	ity T
	which 
	the 
	. 

	Ex,1, .tWhat load will a column of fir sustain, if it be 5 inohea in breadth anŁ .(
	.

	.
	inches in thickness 1 The modulus of tenacity being taken at 3000 lbs. and the section F being -=-5 . 4 20 square inohea, we obtain P = 20 . 3000 == 6000 lbs. for the power of tenacity of this column. But if we take the modulus of strength K== 12000 
	-= 

	12000
	12000
	20 
	• 

	lbs., and assume a triple security, we obtain P == 80000 lbs.; but to
	= 

	3
	maintain security for a long period, we must only take one-tenth of K, and we shall then have P = 20 . 1200 = 24000 lbs.-2. A round and wrought-iron pump-rod is to IU!• tain a weight of 4500 lbs.; what diameter ought it to have 1 Here T = 
	20000 
	lbs., 

	4500 {9
	4500 {9
	J 

	herefore, d = J,128 = 1,128 . ,Jio ==0,535 feeL The modulus of strength
	t

	ŁOO00 
	ŁOO00 

	wrought iron of the medium kindt== 68000 lbs., and if we take one-sixth for 
	for 
	the 

	security, we then obtain Ka: 10000 lbs., and d 1,128 Ł == 0.756 inch, the
	= 

	0000
	,J
	1

	requisite thickness of the rod. 
	§185. Strongest Form ofBody.-lf a verticaUy suspended prisma­
	§185. Strongest Form ofBody.-lf a verticaUy suspended prisma­
	.

	for example, a pole or cord, is ,•ery long, its weight be added to the force of rupture, and, therefore, P + G must be put now l be the length of the body, andh., the of its mass, we have then G-FL,, and, 
	tic 
	body, 
	G
	must 
	=z 
	1:T: 
	If 
	weight 
	of 
	a 
	cubi
	c 
	inch 
	therefo
	re, P 
	-
	F 

	inversely F== p . If a body .IJ.BC •
	(
	T-l
	-,), 
	as 
	• 
	G, 
	Fig. 
	19s, 

	equal portions, each of the length l, its 
	cons
	ists 
	of 
	1ucces
	s
	1
	!e 
	t!'911
	s-
	s-
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	ns are as follows. The section of 
	ver
	se 
	sectio
	the 
	first 
	portaon 

	before 
	16• 
	Figure
	Figure
	• 
	186 STAONGEST FORM OF BODY, 
	-F. P+Pty 
	and ,veight Zr, + Fl+ F,.lr = T, 2 ,_ zŁ =F+ 
	p 
	1
	r
	F
	1
	hence 
	= 
	Figure
	1
	1 

	third portion it 
	F
	1
	l
	1 
	= 
	p
	1 
	(i 
	+ 
	l
	y 
	)· 
	For 
	the 
	follo
	ws 
	th
	at

	T-lT-tr 
	y 

	Figure
	T-lr 
	" 
	3 2 
	T-l
	y 

	1 
	F

	l, and generally for 
	= 
	F 
	(i 
	+ 
	y 
	)
	3 
	the 
	nth 
	por
	-
	-


	1 
	T-lr 
	. 
	y )
	l

	T-l
	(l + 
	•
	small, the portions therefore short, we may
	If 
	l
	is 
	very 
	very 
	then 
	put

	Ł)-ŁpF.=r(1+1
	.
	of portions is Yery _great, or if the 
	If the 
	number 
	thickne
	ss 
	of 
	the

	_
	body ./J, Fig. 199, increases uniformly from belo,v upmay then (from the reasons in § 175,) put the cross section 
	G
	wards 
	' 
	w
	e 

	1!!! 
	= e T = . e T • e T 
	Fn 
	T 
	. 
	T 
	= 
	T 

	where e represŁ..h. of logarithms, and L the entire len
	nts 
	the 
	base 2,
	71
	82Ł 
	the
	Naperien 
	gth 
	of

	Fig. 198• Fig. 199• 
	the body.
	Figure

	A
	A 
	uniform thickness to have 
	A body 
	of 
	the 
	sa
	mŁ

	tenacity throughout, must have a trans
	vers
	e 
	sec
	. 

	. If Lt is sma11 as 
	tion 
	F= 
	p 
	comp
	are
	d

	T-Lt
	.o I 
	T, is a small fraction, so that 
	T, is a small fraction, so that 
	Figure
	with 
	Ł
	we 
	ruay 
	p
	ut

	:

	'F 
	G 







	F,+Ł ½(Ł'] and F=1+Ł+(;)], 
	F,+Ł ½(Ł'] and F=1+Ł+(;)], 
	= 
	;[
	1
	+ 
	)
	;[

	= 

	F, !•.Ly= + ½Ł+Ł(Ł)'];Lr; 
	F, !•.Ly= + ½Ł+Ł(Ł)'];Lr; 
	F
	[
	1

	and that of the second = F . Lr 
	. 
	. 
	=[1+!;+JLr;
	(
	;
	)
	Ł


	the prismatic body is heavier, and on Łore costl
	the prismatic body is heavier, and on Łore costl
	hence 
	that 
	account 
	y

	than one length a cross section the load it has to bear, and which rrcalleduniform resistance, or a body oftlte strr
	having 
	at each point in 
	its 
	corre
	..
	sponding 
	to 
	may 
	the
	efo
	e 
	be 
	a body 
	of 
	ongest
	fo
	m. 

	&anap�u.--:-1. What cross section ought a ,vrought iron sbnft 100 elong to hav8t'!beSJ�es_its own ,veigbt it has to sustain a load P=75000 lbs.1 The modulus of­
	f
	et 
	hen 
	tena

	. 7,60 . 62.4
	= 0,27 444 lbs. 
	iron )' 
	= 
	1
	2 
	12
	• 
	12 

	_ 
	P
	The section sought is F = TL-J, = 
	-

	Figure
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	75000 . 
	. 

	.
	= 7.51 square inches, and the weight of the 
	103l 
	1 
	shat\ 
	G
	= 
	F L
	)'

	-1200. 0,27444
	1200e. 0,27444 = 2473 lbs.-2. If we were to give to thi, shaft the form . F P 75000
	= 
	7,
	5 
	1 
	. 
	of 
	a 
	body f 

	,._
	.

	o un11orm resistance, we should then obtain for the least section 
	o un11orm resistance, we should then obtain for the least section 
	311 
	10


	=
	= 
	T 
	T 

	e0,001113 .=
	7 28 
	-

	square inches,eand the weighte
	7
	,
	51
	3 
	= 

	28
	7,

	0,9'74",0,118 
	••. 329,3 =2435,5 lbs. (approxi­
	(
	7
	28
	Ł
	7
	513
	) 

	mately). 
	§ 186. Numerical Values.-In the following table are given the mean values of the different moduli, of elasticity, tenacity, andof the materials most commonly occurring in construction. 
	stren
	gth 

	TABLE I. 
	THE MODULI OF ELASTICITY AND STRENGTH. 
	1'.4MK8 or THE SUB8T.41'Cl:8. 
	.
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	Box, oak, fir, firm Scotch Ar -
	600 

	3094 12373 
	1856005 

	Iron in wires • • --• -
	I 

	26808964
	1250 
	2 1650 87645 14436 
	1
	1
	Iron in bars • -• • • • 

	22 59805 10311 Iron in plates • • • -• • 
	22 59805 10311 Iron in plates • • • -• • 
	29902306 206
	1520 
	26808969 
	56712 
	9280

	1
	1
	1
	1
	Cast iron • -• -• • 
	-


	17528938 14436 19592 309'

	1200 

	1
	teels • • • • • • • • 
	30933420 37120 123700 20622
	835 
	H 
	Co -
	-

	1
	• --• 
	-

	45369016
	4500 
	98987 150543 2-'740 
	• • -
	• 
	•

	ppere. Copper 
	wire

	Brass • • 
	Brass • • 
	38151 6187 

	?5271 12370 
	-
	-
	• 
	• • • • • 
	1 

	97955830 7218
	.. 
	18560 3093
	1320 
	B 
	1
	-
	-

	-
	• .. 
	149511530 20622 15271 123'70 
	149511530 20622 15271 123'70 
	.
	742 
	1 
	1 
	Be Lead • -
	• 
	• 
	• 
	• 
	• 

	6774
	3093 
	48462358 

	30058
	• 
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	721779 1547
	• 
	1
	wire 
	Lead
	en 

	-
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	103111
	4-

	'722 
	2062
	• 
	• 
	1500
	arble • • 
	• 
	• 
	• 

	•
	Ro
	" 

	•
	-
	206
	M 
	• 
	•
	-
	• 2680896 
	2062 

	9280 3093 7218 2371 5156 1753
	• 
	• 

	,. 
	traps 
	s

	• • • • 
	-
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	• 
	• 
	Figure
	FLEXURE OF BODIES, 
	188 

	values contained in the second verticthis tablethe limits of elasticity, give 
	The 
	al 
	column 
	of 
	, 
	of 
	relative 
	extension 
	(T) 
	at 
	the 
	like
	\
	v
	is
	e 

	, 
	NO
	ened or coinpressed lamina. flexure had taken place ,vithout change of volu1ne, KL ,vould 
	any
	beh

	= 
	Fig. 201. 
	of the body, KL . its neutral 
	axis
	,

	an extended and uva 
	l 
	short. 

	the 
	If 

	of all the lamina would be one and 
	the same; the body also would havethe form JJBCD, but because the has sustained extensiocompressions, certain laminŁ, such as .llD, NO, &c., have undergonethe e!ongations DD1, 00, &c., 
	body 
	ns 
	and
	1
	an
	d

	others, as compressions CC,, &c., and rm of the body has changed to that 1,case the
	BC and UV, the 
	VV
	1 
	, 
	the 
	fo
	ofJIBC
	D
	In 
	e
	r
	ery 

	J:.
	.

	elon�ations DDdcompressions CL\, VV, &.c., are pro­po�t1onal to , LV, &c., fro1n the 
	v 
	00
	1
	, 
	an
	the 
	1
	the 
	distances LD
	LO, LC, 
	neutra
	l 

	ruos. 
	But the strais in the direction of the lamin� are in the ratioelongations and compressions effected by there­assume that these strains are proportional to the distances from 
	n
	of 
	the 
	them; 
	,ve 
	must, 
	fore, 

	Figure
	Fig• .200. 
	is Jixe<l at one extremity, 
	for 
	in

	stance, imbe<ldedin a ,valJ 
	. 
	and 
	a
	-t

	' 
	hother extremity acted 
	t
	e 
	upo
	n 
	by

	force P; strains then take 
	a 
	p
	1ac
	in 
	_
	this bo<ly, inconsequen
	ce 
	0Ł

	.
	,,·hich, one part 1s extended, other compressed, and the becomes deflected. If ,ve imaghe whole bŁy ose
	an
	d
	the 
	,vho
	le
	ine 
	!
	to be 
	decomp
	d

	_
	thin am1nre by J?lanes axis, and at nght the direction of force, ,ve may 
	into 
	!
	para
	llel 
	to 
	the 
	angle
	s 
	to
	the
	n 

	• See Appendix . 
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	.' . ',,. . .• •• • , ·.-.··.·..·•. ·..... I'I, . . . ,vhich it undergoes, the corresponding tension 
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	neutral axis. If, then, we put the strain on a of a transverse section equal to unity (a square unit of distance (one inch) from the neutral axish= 8; the stram for the distance KN=z is 8z, and for the section F, it is F8z. If now the experimental number 8 represents both the extension and com•on, we know the sum of all the strainsh= (Fz+Fz+ • .) 8,where F1, F2, &c., are the sections and =.,.:-, &c., the distances fromthe neutral axis. In ordPr that the tensions may produce no pressure,and therefore no alte
	the 
	fibre, 
	or 
	layer 
	of 
	fibŁes
	, 
	inch)
	, 
	anŁ 
	at 
	a 
	pressi
	1
	1 
	2
	2
	2
	neutr
	al 
	of 
	(
	1 
	i
	i 
	) 
	1
	1 
	2
	2

	+ 1nust be = 0; i. e. tlie neutral axis or tile 11e11,lral larnina must 
	... 
	1

	through the centre of gravity of the cross section of the body.
	pass 

	We may no,v compare the condition of the body \\'itb the equi­of a bent Ie,er. The force P acts at the arm KH l, the ent is, therefote, M= Pl, and balances the collective forces of nsion and compression, \vhose moments are z• F8z=2 , or Fz• S, }�z• S, &c.; consequently,ve must put
	libri
	um 
	= 
	mom
	exte
	1 
	1
	, 
	• 
	F
	2
	Sz
	2
	,
	&c.
	1
	1 
	2 
	2
	2 
	z/ 
	+ 
	F,,,z,/· 
	+ 

	Jtf = Pl = (F
	Jtf = Pl = (F
	1

	. 



	.8.
	.8.
	)

	... 
	__::'\ .-..z,.D,<-:'.Ł:·;:._._.P_P._._-?: ..-·K-·-.,:,-;,•·:
	O-__.
	-

	D 
	...,
	. -r.
	•
	-

	. 
	,., ' ,..,'
	. 
	.

	L ·.·.·/
	, 
	Ł-Y 
	Figure
	= Ł E is known. If now .IJ.BCD, Fig. 202, is a short portion 
	8 
	1
	1

	of curvature, we have then DD : JtfL, and also1 = LO : ML; i.he. 00: z.2.. LO : p. If we now assumŁ, we obtain Ł: l = 1 : p, and 
	r
	adius 
	: 
	KL 
	= 
	LD 
	00
	: 
	KL 
	1
	e
	LO 
	1 
	and 
	00
	1 
	= 
	hence 
	8

	= 
	p 
	inversely, 
	JVE, 
	and 

	WEh= 
	.M
	p
	. 

	p 
	190 
	ELASTIC CURVE. 
	p is euivamoment offlexure for all cross 
	proauct 
	of thi monicnt .lf an.d the radius 
	of 
	curuature 
	q
	len
	t
	to 
	tlte 
	sectio11s. 

	If ,ve divide the neutral axis KL, Fi. .2uequal parta
	g
	04, 
	ito n 
	s, 
	s 

	Fig. 203. Pig. 204. 
	and determine the radii of 
	LL
	1
	, L
	1
	L
	2
	, 
	L
	2
	L
	3
	, &c. = 
	!,
	n 
	curv
	atu
	re 

	i, JltJ.£= , &c., corresponding to the e parts, 
	= 
	P
	.
	1 
	p
	2
	the 
	ang
	le

	1 1of curvaturLt,, L.AI1L2°&c., '"·e,·ery t,vo ii 
	M
	L
	e LJU
	1 
	= 
	0
	1
	2 
	= 
	t
	, 
	hich 
	ra
	d

	of cur,·ature inlude, are kno,vn, YIJ= !. = Pi t, LL _ 
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	The moment of flexure of a body .IJ.BCD, Fig. 214, of a cross-
	shaped section, may be obtained in the same 
	Fig. 214·
	manner. Here .B.B = b the width, and BC 
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	ve 

	' made to increase from O successively to , 
	when 
	t 
	is 
	;
	and, 
	the
	re. 
	s, 

	fore, 2 41 from O to "equal to because thŁ cosiŁes in the second quadrant are equal and opposite to the cosines 1n the firsthlastlythe sum of a11 the cosines of all angles from O to 2 " = O, hŁnce thhsum of all values of 3+4 cos. 2t+ cos. t taken between the 
	' 
	Ł
	' 
	• 
	' 
	4
	limit
	s
	t 

	== 
	o and = ;is = 3 n, and the measure of the moment of flexure 
	t 

	. "r' r• 
	. "r' r• 
	n

	d

	of the half cylinder = . 3 n = , an , lastly, that of the
	Figure
	8 

	24n ,vhole cylinder: 
	W= "'r◄ = 0,7854 r◄•
	4 
	and the
	.
	inner r
	1 

	W= (ri•-ri/)
	.

	= 
	To find the moment of flexure of a ba semi-
	ody having 
	circ
	ula
	r

	transverse section ADB, Fig. 
	216 
	w
	e

	may make use of the rule found i 
	the axis NO passing through the cen. tre of gravity 8 is equivalent to the moment about the diameter .11.B con. 
	Fig. 216. 
	Figure
	sidered as a second axis, less the trans. square of the distance C8 of both axes. 
	Figure
	RELATIVE STRENGTH. 
	this we obtain the moment sought = . r4 -,c . 
	From 
	1 
	" 
	1 
	r 
	Figure
	CSS

	2 2 
	4 

	)=0,110h. r4. 
	8 

	9 
	9 
	11
	2 

	2 
	Figure
	_ ,rr . 
	1 
	(
	4 
	r
	)h
	(§ 
	108) 

	2 3 " 
	r• 
	.r

	8 
	== ,t r4 (!
	-

	8 
	= 
	Ł prismatic body, we may determine from it by cahon of the body. If a 
	of 
	simple 
	multipli­
	the 
	working 
	load 
	and 
	the 
	absolute 
	strength 

	_
	single is extended or compressed to the s of elasticity, the body. tenacity. If we again represent by T the modulus of tenacity the distance of the furthermost fibre fro1n the axis e,
	fibre, 
	or 
	layer 
	of 
	fibres, 
	limit
	has 
	then 
	attained 
	the 
	limits 
	of 
	its 
	and 
	neutral 
	by 

	ŁE, and 
	Łh

	l 
	, or the relative elongation,=h!., hence 
	P 
	p 
	we shall have T == 
	1h
	P 
	e 
	e

	<if.flexure, it toill then give the statical moment of the tenacity. We 
	have x== SW == w, therefore, also, Px = T_ It is evident that 
	P
	E
	W

	e
	P
	this moment is a maximum when z = l, or when the arm == l; from ·this we may conclude, that at the extremity where the beam is fixed,the greatest flexure ensues, and the limit of elasticity is first attained.Accordingly, the toorking load <if a beam is determined by theformula 
	W
	T

	:: el. 
	P

	In like manner, th� strength, or thresisJance to rupture of thebeam, may be determined. If a fibre 1s strained to the point of rup­ture, the breaking of the whole beam takes place, because the beamhas now a section smaller by the section of these fibres, and there­fore a greater deflexion ensues, and thus a rupture of the succeeding fibres or layer of fibres follo,vs. If we put the modulus of strength 
	Ł 

	E K
	= K, "'e have -== -, and, therefore, the force for the rupture of the 
	P 
	e

	beam: 
	KW -e z · 
	Pe

	uniform rectangular beam, thedistance of the :
	In 
	a 
	. 
	outerm
	ost 

	.
	h

	.
	fibres from the neutral axis=--, hence the 
	lamin
	a 
	of 
	·
	formula 
	Pl 
	-
	-


	. . 2 
	bh
	E 
	3

	-; · (191) gives the resistance to rupture 
	12 
	§ 

	2 K 
	· bh
	3 
	bh
	1 

	.
	K

	p
	-

	h Ł 12z-6l . 
	Figure
	. 

	1, 1. 
	61&
	3 
	1"l 
	3 
	K

	• ·
	'

	If th
	e 
	beam 
	1s hollow, 
	as in Fig. 
	212, 
	we 
	have 
	P 
	-
	6 
	hl 

	-
	' 
	200 EXPERIMENTS. 
	' 
	-
	cross section, as 
	in 
	Fig. 
	210 

	.
	cl' 
	. . 
	a prismatic body of a triangular
	In 

	K bltbli" 
	3 

	-
	J-h 36 t .24 l
	• 

	gular beams for a similar section have of trianbeams.
	t\vtCe 
	the 
	tenacity 
	gul
	ar

	For a cylinder of radius r, e = 1·, therefore,
	-;: . r" 
	K
	4 
	" 
	= 
	n
	....1K

	4 
	4 
	r-

	Pl = 
	"'r'-r"
	(
	)

	the modulus of the ,vorking 1oad Tstrength, or for K, . "'orking 
	If 
	we 
	substitute 
	for 
	that 
	of
	th
	an aliquot 
	part, i. e
	?0th, 
	the 
	load 

	e 
	,
	18
	given by the formula already found. 
	beams, ,ve may make use of the experimentaJ values for 
	E 
	and 
	Tf

	n
	§ 186; but as concerns the strength of beams, it is the modulus of strength there given and derived from on tensile strain, by those values of K "·bich have been experiments on compression. A perfect accordance cannot eJrist between the moduli found by these two methods, because in rupturenot only an extension, but also a compression takes place, and bothof these not only in the direction of the axis, but also in Yerse section, though here not to the same amount. Besideother circumstances affect the elastic
	saf
	er 
	to 
	rep
	lac
	experi
	men
	t:
	found 
	fro
	m
	the 
	tra
	ns­
	s, 
	man
	stren
	gth 
	J
	results 
	alw
	ay
	s
	core 
	an
	d
	bea
	r 
	a

	.. 
	greater strain when the force acts perpendicular to the annua
	l 
	ring
	s, 

	Fig. 217. 
	• See Appendix. 
	Figure
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	MODULUS OF RELATIVE STRENGTH. 
	ents upon elasticity and strain were made by EytelweinGerstner, with the apparatus represented in Fig. 217. .llB .ll1the rectangularThe load P for the flexure
	Experim
	and 
	B
	1

	are two tressels, C and Ct'\\·o iron supports. DDfor experiment resting upon them. 
	1 
	1
	beam 

	of the body lies upon a scale-pan 1 suspended to a stirrup MN,whose upper and rounded extremity lies in the middle Mof the beam. In order to find the detlexion corresponding to a load P, Eytelweinand GGand likewise a scale M resting upon the middle of the beam; t:onBGestner, on the other 
	EE
	applied t'\\·o fine horizontal threads FF
	1 
	1 
	r

	.
	hand, availed himself of a long one-armed delicate lever OK, whose fulcrum was at .M, and whose extremity, like the hand of a watch,
	Łndicated upon a vertical scale KKthe deflexion of Mto fifteen times amount. 
	1 
	its 

	Rm.ark. Experiments on elasticity, &c., have been made by Banks, Barlow, Buffon, Burg, Ebbels, Eytelwein, Finchan, von Gerstner, Gauthey, Muschenbroek, Rennie, Ron­delet, Tredgold, &c. An ample 11t1mmary of these, and besides a theory sornewhat dif­ferent from the above, is given by Burg in the 19th and 20th vols. of theh" Jahrbiicher des polytechniechen lnatituts in Wien." The experiments of Eytelwein and von Gent­ner are described in Eytelwein's "Handbucb der Statik fester Korper," vols. ii., and in vGers
	Ł 
	Ł
	Ł
	Ł
	Ł

	_
	as been used for the preparationof the foregoing article . 
	standes pns
	Ł
	absc
	Ł
	er Korper gegen Biegung," by Brix, h

	§ 198. Modulus of R.elative Strength.-The fo1Jowing table con• 
	.
	tans he mean values of the Łodulus of rupture for several bodies metwit1n thearts. To fin, wth the assistance of these, the pressures
	Ł
	_t
	Ł 
	Ł
	!

	_
	which bodies can sustain with safety for a long duration, we musth,put for wood the tenth, for metals and stones, from the third to thefourth of K.• 
	TABLE II. 
	THE MODULUS OF FRACTURE OR MODULUS OF STRENGTH FOR THE FLEXURE· OF BODIES. 
	Figure
	Names of Modulus of Names of Modulus of Substances. racture K. Substances. racture K. 
	F
	F

	Box -------• • -• 6000 to. 12000 --• • • -24000 M &WS()OO 
	10000h10h2,000 
	Elm 
	Oak. 
	-
	• 
	Figure
	8000h" 24000 
	Figure
	Cast Iron 
	-

	700 M J700
	700 M J700
	700 M J700
	700 M J700
	700 M J700
	700 M J700
	700 M J700
	-
	• 
	• 

	Pine -• --
	-
	-



	8000 " l 3000 

	Limestone

	otch • -
	Sc
	Fir 
	-
	-



	7000h" 17000 

	Sandstone 
	• 
	• 
	• 
	600 .. 
	.800 


	Deal • • • -
	Deal • • • -
	• 


	7000 " 14000 
	7000 " 14000 
	7000 " 14000 
	Brick • 
	• 
	• 
	• 
	-
	180 " 
	uo 


	to this, ,ve may assume for wood as . .. 40000 pounds, and we shall 
	According 
	a 
	mean 
	K-
	12Łand 
	for 
	cast-iron 
	K
	then 
	obta1n 
	for a 

	Figure
	• See Appendix. 
	MODULUS OF RELATIVE STRENGTH. 
	rectangular beam imbedded extremity and loaded atthe other:
	in 
	a wall at 
	one 

	. 
	. 
	. 
	1

	Pl= 200 . bh, if it consist of wood, and tenfold security be 
	2


	2. 
	2. 
	, ifthe beam beof cast-iron, and fourfold security 
	Pl=
	allowed. 
	1
	000. bh
	2 



	be given.
	If the body be cylindrical, we then have for wood
	3. Pl= 950 r3, and for cast-iron
	4. P= 4700 r3. 
	l 

	P, , b, h, r, have the denominations hitherto used.or wrought iron K is taken 20 per centless, because this bendsmore than cast iron ; here therefore we must put
	l
	F
	. 

	P= 800 /1,= 3600 r.
	l
	b
	!l 

	If the load Q be uniformly distributed over the beam, the beam will bear as much again, wherefore the above co-efficients mustbe doubed. If the beam rest at its extremities on points of sup­port, whose distance is l, and if the load Pact in the middle be
	l
	-

	tween these points, then for P we must put!_ and for , !_, where
	l
	-

	2 2
	fore Pl becomes , and the the tenacity quadrupled. But if the
	Pl

	4load between the points be uniformly distributed over the beam, we
	then shall have for the pressure _g_' which acts from below upwards
	2 at a point of support, the moment { • Ł; and for the opposite 
	pressure _ !{ as the half of the load pulling downwards 
	at 
	the

	2 
	. Q 1 l l
	Q

	centre of granty, the moment -; hence
	-2 . 2 • 2 = 8
	there will remain as the pressure for rupture at the middle, the 
	mo
	..

	WKals 8Łment ___ = -, and therefore Ql = 8 . o= . -br3 K,
	Ł 
	Ł Ql 
	6 
	, 

	4 8 8 
	4

	therefore the strength or tnacity is twice ag:eat as if the load at the middle, and eight times as great as if 1t pulled downwards at one extremity whilst the other remained fixed. 
	Ł
	Ł
	acted

	If a beam, Fig. 218,* is imbed-
	ded in awall at both extremities, or
	Fig. 21s. 

	ifits extremities are fixed, then the 
	beam sustains as much again as if
	IA 
	C 
	M 
	D 
	B
	,.._-
	-
	---

	it rested freely at its extremities •
	---1 
	--

	for in this case the greatest flexurŁ 
	•
	I 
	is not only in the middle, but like­
	wise at the extremitiesthe beam,
	i(
	l(tjt 

	therefore, breaks at the same time 
	in the middle and at the extremi-
	;
	,{. p 
	p
	1
	,

	"l 
	• See Appendix. 
	STRONGEST BEAMS. 
	ties ; whilst at the intermediate points C and D, where the convexity passes into concavity, no flexure at all ensues. Consequently, for a 
	.
	.!JC, the pressure = -, the arm = -, dan the moment = 
	portio
	n 
	p

	p 
	l 
	-

	4 2 
	Ł 

	Pl 
	l 

	· = If, final1y, in this last case the load Q is uniformly distri-
	4 
	s· 

	Ql
	over the beam, the moment presents itself = , because we 
	buted 

	16 suppose, that the one half of Q is immediately sustained by the 
	may 

	of support, and that the other half actin the middle of Q
	points 
	Ł

	_.
	The acts exactly as 1fthe load Qwere d1sJn­uniformly over the beam 
	weight 
	G 
	of 
	a 
	beam 
	buted 
	; 
	fo
	r 
	a 
	beam 
	fixed 
	at 
	one 
	extremity,

	therefoGl; but for a beam resting on both 
	re, 
	the 
	moment 
	= 
	Pl 
	+ 
	½ 

	. . . P G l G
	l 

	ties and loaded 1n "ddlthe m1 e, 1t 1s = + -
	extremi
	• 
	2 
	2 
	· 
	2
	2
	.

	2 
	l 
	4

	= (P + ½ G) ,&c. 
	4
	l 

	both its extremities, so that the distance of the points 
	rest 
	on 
	of 
	support 
	may 
	amount 
	to 

	9, l=20 
	20 feet; what load, suspended from the rniddle, will it sustain1 b=7, h=

	90 lbs.-2. A round wooden water-wheel, and its axle, 10 feet Jong, is to sustain at together with its own weight, a uniformly distributed load Q= 10000 
	18
	the 
	wheel, 
	lbs.;

	must the wheel have1 Ql == 10000. 120 = 1200000, == 8. 950. 
	what 
	diameter 
	r-3, 
	orr3



	3--•
	3--•
	1200000 

	= = 157,9 ; hence the radius sought r = V-157,9 = 5,4 inches;and the d1
	a
	-

	8 . 950 
	mter of the axle 2 r10,8 inches, for which we may assume one foot.-?eight may te oorn n a granary be heapaed up if the bottom rest upon beams of
	Ł
	Ł 
	3. 
	To 
	what 
	Ł
	Ł
	Figure
	25 
	feet 

	_
	>n length, 10 inches 1n breadth, and 12 1n depth, the distance between the axes of anytwo beams =3 feet, and one cubic foot of corn weighs 48,5 lbs. 1 If we apply theformula Ql = 16 . 200 . bhŁ, we must put b= l0, h= 12, 300 ; consequen
	/=25 . 
	12 = 
	tly

	10. 144 ·
	10. 144 ·
	16. 200. 

	Q=------= 1.:.360 lbs A parallelop1ped, feet broad, z ,eet
	25 
	feet Ion"' 
	3 

	d • r. 
	bl 

	hs = 25 . 3 . x • 48,5 lbs.; hence, if we put this valuea= Q, it follows that 
	deep, 
	weig
	300

	15360
	x = = 4,22 feet, the requisite height to which the grain may be heaped 
	up.


	75. 48,5 
	75. 48,5 
	§ 99. Strongest Beams.-Bodies of equal section very often pos­
	1

	sess different relative strengths ; the formula Pl = K. bhshows that 
	2 

	6 
	Łhe strength increases, as the breadth, as the square of the depth, andinversely as ly a greater influence upon the tenacity breadtha beadouble the breadth bears twice as much, i. e. as much as two singlebeams; on the other hand, a beam of double the depth, four times beam of the same depth. For this reason beams lthey are of cast iron, much deeper than ; near the middle and what is taken greater distance fŁm the neutral axis; but 
	the 
	length 
	of 
	the 
	beam. 
	The 
	depth 
	has 
	consequent
	than 
	the 
	; 
	!ll 
	of 
	that 
	of 
	a 
	are 
	iµade
	, 
	name
	y, 
	when 
	broad
	they 
	are 
	hollo
	wed 
	out 
	away 
	replac
	ed 
	by
	parts 
	at 
	a 
	this 
	rule 
	must 

	bon tŁe least side, the direction
	e 
	particula
	rly 
	attended 
	to, 
	viz., 
	always 
	to 
	lay 
	t
	he 
	be
	:'
	m 
	or 
	rather 
	so 
	to 
	lay 
	it, 
	that 
	the 
	pressure 
	may 
	act 
	1n 

	_
	_e
	Figure
	Figure
	204 
	STRONGEST BEAMS. 
	The strength of a round trunk, or of any other cylindrical body, is 
	P = i 
	1 
	that of a square with equal breadths and depths 2 l 
	. 
	Ł 
	K, 
	r, 

	l
	6 3 
	Ł 
	. 
	3 
	= 

	0,588; the cylindrical body 
	has,

	each other,h!_ = 
	with 

	1 4 4
	P

	therefore, only about 59 per cent. the strength of a beam ha,•insquare transverse section. Wooden beams are hewn or cut from round trunks of trees, and thereby are much ,Yeakened. But question now is, which is the strongest form of beam that can 
	g 
	a 
	the
	be 
	cut

	from a cylindrical trunk ?
	Let .llBDE, Fig. 219, be the section of the trunk, .11.D = 
	d 
	its

	diameter, further .llB = DE = b the and .IJ.E = BD = h the depth of the beamThen b+ IL= <P, or h= d2 -b, ;moment of rupture. 
	Figure
	brea
	dth
	' 
	2 
	2 
	2 
	2
	and 
	th

	Pl = ! . bh" = : b (d2-b
	z
	). 

	The problem amounts to making b ( d2 -) bd2 -bas great as possible. If instead we put b x, where x is very small, we 
	b
	2
	= 
	3 
	of 
	b
	+ 
	theŁ

	obtain forthe last expression 
	(b + x) <P-(b x)= bd?--b3 + (d2-3 Ir) x-3 bx2,provided we neglect F,and the difference of the two = x + 3 bx• the first valu_:_bcP-bmay in every case be than the last, the difference + (<12-3 b) x + 3 b:i'-must be positive, whether ,ve take b greater or less than x. But this is onlypossible if d2-3 b= O, for the difference then = 3 bx2, positive, whereas, if Ł--3 b, is a real positive or negative valu
	+ 
	3 
	(
	+ 
	Figure
	Ł-3b'
	)
	2
	That 
	3 
	great
	er
	2
	p
	ut
	2 
	therefo
	re
	2e
	e 
	3

	-' 
	br may be neglected, and the difference may be put x, which if x has the same 
	+ (cP-3 bisign, is at one time positive, at O, we obtain the 
	= 
	)
	anoth
	er
	bread
	th 

	= 
	But if we put d'1 -3 b= d ✓½, and the corresponding depth h
	2 

	= 
	2
	2 
	d
	✓
	soughtb 
	therefore, the ratio of the depth to the breadth: = 
	li
	b
	t 
	✓
	Ł

	✓I 
	= ,414 
	1
	or 

	t· The trunk must be so fashioned that it produce abeawhosedepth to its breadth is as 7 to 5. find the section corre­to greatest strength, let us divide the into three 
	about 
	shall 
	m
	_ 
	To 
	sponding 
	diameter .llD 

	qual raise at the points of division Mand N perpendicula£8<_NE, aŁd finally connect the points of intersection B E
	Ł
	parts, 
	rs 
	b
	;
	n
	l 
	and 

	Ł1rcle with the extremities .IJ. and D of the straight line ./JD
	JB1nŁ 
	section of greatest resistance ; for since .IJ.M : ./JB ::: 
	1
	s 
	the 

	Figure
	Figure
	HOLLOW AND ELLIPTICAL BEAMS. 
	t d. d d✓f and .11.E = h = ✓.11.N . .11.D =✓Jde. d=== �, which is actually requisite. 
	✓
	= 
	✓i, 
	therefo
	re 
	!
	2

	K
	Remark
	. 

	The trunk has the moment of rupture Pl = 'II'
	4
	K 
	_. .n 
	therefore, loses by squaring about l -. Ł = 1 -0
	trunk, 
	8 
	1 

	. r3, but the beam ofgreatest 
	8 K 
	65=0,35, i.e. 35 per 
	-
	. K 
	"3; the
	' 
	corners rounded off. 
	To spare this Joss, the trunk is ofifln hewed not quite square, but the A beam wilh a square section formed from the same trunk, has 
	!l 2 
	d, hence the loss heree= 1 
	0,707 
	= 
	I 
	-0,6
	0 
	=0,40

	8 4 8 
	----. = l -
	-
	_ 

	,,,
	,,,
	6 . 2 ✓2 3'11" 
	✓
	2 




	i.t.. 40 pet cent.
	i.t.. 40 pet cent.
	§200. Hollow and Elliptical Beams.-Very frequently bodies are hollowed at the inside or outside, and provided with ribs or flanŁes,either with a view to save material, or what comes to the same thing, to gain in strength. For ahollowrectangular beam of iron P = 1000 bh-b h 
	•
	3
	3

	1
	, the hollow may be of the depth hand breadth b, made 
	lh
	1 
	1 
	1

	or without at the sides. For a hollow cylindrical body P 
	within 
	= 

	r'r'
	-

	1
	4700 . • In such cases the thickness of the solid part r9
	2
	1 
	-r

	l
	whence it followse
	whence it followse
	whence it followse
	rl 

	is commonly made = f of the outer radius r; 
	1


	4100 . 1Ł-Anequal-
	0
	,
	8704 r
	3 
	= 
	4090 


	: 
	1)' 
	,
	Ł
	0,6r
	= 

	vr 
	1 

	r
	r
	/
	-

	lyheavy solid cylinder has the radius r=✓ r/' 
	l 

	P 4100 
	= 

	l
	. 
	::-::--;
	6

	,3r;J
	i = r--c-
	-r 
	✓
	-

	--=o
	1
	"
	--:

	= 0,8 r; hence its moment of resistancee= 4700 .(0,8r)= 2406 namely, about 41 per cent. less than that of the hollo\v cylinder.
	1 
	"
	3 
	r3,

	We gain also in strength, when, instead of a cylinder, we apply a prismatic body with an elliptical section, and place its greater upright or parallel to the direction of the pressure. If \Ve suppose a circle .IJ.OBN'\Yhose radius C.11. = CB = a the semi-axis major,bed about this elliptical section .11.OBN, Fig. 220, the rŁsistance of the body having an elliptical 
	axis
	1
	1 
	descri
	strength
	of 

	Fig. 220. 
	secon may be calculated simply from that having a circular section. The length of any ent DE of the elliptic elements parallel to 
	Ł
	elem

	minor axis NOB= 2 b is alwaysŁ of the 
	its 

	a
	E; but nowthe elasticity and strength are proportional to these dimensions singly ; therefore, also the srength of the elliptic element to that of the ular element, is as to a, and, finally, the
	length of the circular element D
	1
	1 
	Ł
	circ
	b

	Figure
	18 
	• 
	Figure
	Figure
	Figure
	206 
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	strength for the whole the strength of the whole circle, ie. 
	ellipse 
	= 
	b 
	times 
	. 
	a 

	Pl = If • Ł • a3 K = "b aK, for cast iron = 4700 ab.
	2 
	9 

	4 a 4
	1 and b, ther
	If no,v it be an elliptical hollowing whose axes are a
	1
	e

	will remain 
	ba
	ba
	3

	n .
	Pl = 
	4 
	a 
	= 4700t. 
	a'b 
	-a13b1e
	. 

	a
	a

	If, lastly, a body having a rectangular secti
	on

	Figure
	Fig. 2.21. 
	.fl.BCD = bh, Fig. 221, be hollowed at the flanks by the semi-ellipses F, HKL, and if the axes of these are = aand b, we shall ha,e 
	E
	G
	semi­
	1 
	1
	T
	then 

	' 
	1 
	6 

	4 12 h
	for cast iron 
	for cast iron 
	bh-4,712 ab
	Figure
	3 
	/
	1
	•


	PlP200 
	= 

	/1, 
	.&amplu.-1. A transverse beam of oak, 9 inches broad and 11 inches deep, of kno,vn sufficient tenacity, is to be replaced by a hollow cast iron beam, of 6 inches in outer breadth and 10 in depth; of what thickness of metal must it be cast 1-Let thisthickness = :r, we have then for tbe breadth of the hoUo,ving = 5 -x, and its depth10 -:r; consequently, for the hollow beam b,h/' -bh,= 6. 103 5 -:r:35 :rS -2:4. Since the moment of resistance of 
	= 
	9 
	3 
	(
	)
	(10 
	-
	x)' = 2000 
	:r 
	-
	4
	5
	0 
	%' 
	+ 
	the

	1000 
	. 
	-
	or2500:t-450 x'+ 35e:rS-:t' =2187. As a 
	xi+ 
	3
	5 
	:z:3-x'
	) 
	=2
	17800,
	1
	0 
	first 

	But this value gives 450 . %' = 460 . 
	0
	81 
	-

	I 
	-

	500 
	2

	approximation x_ 
	I I 
	5177 
	2

	-0,9 inches.
	217
	8 

	-
	-
	500
	-2


	·
	·
	I 

	ha·!I
	aT 

	0 
	250

	· · thi kne f' 2 II
	ped girder 
	of

	·
	= 
	cast iron, the breadth ..iJJ = OD= b is equal to the 
	depth 
	1, 

	6 
	and the thickness .11., B, = CC, ¼b, therefore b, = f h;we shall then have for the moment sistance (§ 193: 
	=
	,
	and 
	h. 
	= t 
	of 
	re•
	)

	Fig. 222• 
	Figure
	-12 
	Figure
	h -h,h,) e 
	(b

	h'-bh
	b
	1 

	or by substituting = 
	e 
	½

	• bh b:h: 
	_ 

	-
	6 
	bh" -b,h,.,,
	(l,3-0,512 b)'-4 . 0,64 b•e. (b-0,8 b)I
	3

	1000 . 
	= 

	i,3 -0,512 b
	0 

	0,2381e-2,56.0,04 bl1S
	= 
	1000 . 
	• 
	= 
	Figure
	3
	5,
	6 
	. b
	= 278 
	1,3

	· ·
	488
	0,

	488
	0,

	If. no,v su b .
	4 feet in length, rest on both its extremities, and is to bear a Joad
	:n:_ 
	its 
	rdiddŁe 
	Ł
	ŁŁ
	der, 

	lbs., Pl would then 7400 . 4 . 12 = 355200, and therefore, 4 278 1,:s = 355.
	0O 
	= 
	.
	200

	we should have the extreme depth and breadth b = h 
	we should have the extreme depth and breadth b = h 
	we should have the extreme depth and breadth b = h 
	, 
	whence 
	--

	5200 
	.:.
	Ł3.,


	= and the thickness of iron¼ b = 1135 inches.
	6•
	84 
	iu. 


	lll:l 
	6 
	OBLIQUE PRESSURE. 
	§ 201. Oblique Pressure.-!£ the pressure P act obliquely to the axis of a beam, which for example is inclined to the horizon whilstre acts vertically, we have then only to take into account its c?mp�nents directed at right angles to the axis. If, for example,the inclined stretcher .flB, Fig. an accumulated load Q, this may be decomposed into the compo­
	!he 
	pressu
	223,
	supports 
	Fig. 223• 

	�ents Qand N, and for an inc]ina­(I to the horizon of the stretcher, the pressure Q, counteracted by the stretcher = Q . cos. e1, and the pres­sure N counteracted by the lateral wall BC= Q sin. a. Taking the friction into account = Q= Q . ( cos. -j"a) and hence for a round stretcher : 
	1 
	t1on 
	i
	1 
	a. 
	sin. 

	Q (cos. 8 . --, 
	-
	f 
	sin. 
	a.) = 
	r

	l
	being the radius and l the length of the
	stretcher. 
	If the pressure P be applied directly the beam .11.B, Fig. 224, deviating from = a., two components present themselves, N 
	to 
	the 
	axis 
	by 
	the 
	angle
	P.llR 
	= 

	Figure
	. 950 r3 
	. 950 r3 


	P sin. a. and Rinto play the relative, and the other the __ Fig . .224• If F every 
	a,
	p cos. 

	, and, therefore, the modulus of
	F 
	°' 
	elasticity K must be taken at 
	p cos. 

	F 
	p cos.
	less; therefore, we must substitute for K, K _ ci, ,vhence it 
	F 

	follows that : 
	-p cos. a) .!"
	p sin. a, 
	= 
	(x 
	;

	• 
	el 
	F 

	;·B") Ł•
	c

	_
	therefore, for a rectangular beam P sin.B.. = ( K p
	K 
	. For a.
	0 
	= 
	90
	° 
	,

	6 lsi,n. ci 
	cos. a. 
	+
	bh.,. 
	F 
	O,
	for a.si.1.. a. 
	0 
	= 
	O, 
	7

	=
	h/1,
	l 
	2 

	Figure
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	LOADING BEYOND THE MIDDLE. 
	; the weight of a cubic foot ofthe ground to be supported being 65 lbs., the 
	nation 
	of
	70
	°

	_
	friction upon the supports is taken at !1 Let x feet be the djsrance ofl\voweight suswned by one rat\er = 4,5 . 0 . 65 x = 17550 fro1ntheory of the inclined plane. this rafter will have onJy to sustain ure Q(iin. 70-t COi, 70)e. 17550 :z: = (0,9397 -011140)e. 17550 X 
	co-efficient 
	of
	rafters, 
	the 
	6
	. 
	:r 
	l
	bs., 
	and 
	the 
	the 
	press
	= 
	° 
	= 
	0,
	8257 
	, 17550 

	· 
	54 
	= 17592; we 
	must,

	,4
	But the rafter sustains 8 . 950 . _ = 8 . 
	:z: = 14492 x lbs. 
	l 
	therefore, put: 14492 x = 17592 and = = 
	:z: 
	17592 
	1,214 
	feet = 
	14,
	0 
	inches.

	I 
	We 
	distances DAh= land the 
	1 
	DBh
	= 
	lŁ 
	from 
	the 
	pomts of 
	support, 

	certain statical moments, the point of support .fl sustains 
	the 
	pre
	s
	-


	sure P= 'J P, and the point B the pressure P= 1 
	1 
	l
	2 
	1
	p

	l+ + l>
	l 
	l
	, 
	l
	l 
	'J. 

	hence the moment of rupture at the point of application D= D.ll.B. 
	p

	llP 
	1 

	Fig. .2.25. 
	= 
	DB 
	. 
	p 
	= 
	Figure
	l9.F
	or any 
	th
	o 
	er

	2 l1 + l2
	. 

	point this moment B . Pis less,because the arm B is less than the arm DB = l; the greatest deflexion also takes place at D, and fracture firstoccurs at this point. Accordingly we
	E 
	E
	1 
	E
	2 

	Pll KW
	must put = --or the whol
	l 
	1
	l 
	e 

	1 + s 
	e 

	length l+ being represented by 
	1 
	l
	2 
	l,

	beam is rectangular. The pressure P 
	Pl 
	; 
	l 
	2 
	= 
	6 
	K 
	. 
	bh
	2e
	, 
	1
	.
	f 
	the 
	= 
	6 
	K 

	. ..!_ . bhis moreover = oo, 1 2 infi
	2 
	,v
	hen 
	l
	or 
	l
	very 
	nearly 
	= 
	O, 
	and 
	is 
	-

	lapproach to equality. If, lastly, l
	l
	1
	l
	2 
	and 
	2 
	1 
	=

	nitely less, the more l
	1

	l, i. e. if the pressure P acts in P becomes 
	2
	the 
	middle 
	of 
	the 
	beam, 

	a minimum, because, if we put l1 = + 2 pr
	!
	x 
	and 
	l
	= 
	Ł -x, the 
	o-
	o-


	forming the denominator ll=-:tJ is always less than ' 
	duct 
	1 
	2 
	= 
	Ł

	rbe made somewhat (x) greater or therefore, 
	whethe
	2 
	l 
	less. A beam, 

	supported at its extremities, sustai
	ns 

	least ,vhen the load is applied at its middle, and one so much the greater 
	Fig. 
	226. 

	ŁQ-,J·1the nearer the load approaches one of
	-t-sJ_ 

	-_.__the points of support. If a load Q be uniformly distributed
	1 

	over the length c,the centre of which is land ldistant from the points of sup
	--b 
	1 
	2 
	-

	X--Łf--
	-

	ŁŁ-IA-ŁŁ 
	port .fl and B, Fig. 226, ,ve shall then 
	PLANE OF RUPTURE. 
	Q
	have to take the difference • 
	Ql
	1
	l
	2 
	_ 
	Ł 
	for 
	the 
	moment 
	of 
	rupture,

	2 4
	l 
	at the arm c is opposed to it. Therefore 
	acting 

	(ll2_ C) ! . blr
	Q
	4 
	l
	= 
	.

	l 
	8 
	6 

	no. r.
	2

	Ł , iur
	= 

	-b,}," 4 . 512-2 . 216
	3
	"' 

	= 
	8 
	; hence, Q
	inches
	23 

	2 
	b,h,
	th l,Ł c (4 . 
	I
	-
	2

	er, 312 -
	T-8 -
	) 
	2
	3

	-8
	-8
	6 

	h, 
	1000 . 202; and consequently, Q = 17565 lbs. 
	= 

	as for prismatic bodies, because this place pendent on the arm x, but also on the transverse section. If we sup­pose a rectangular section of variable breadth w, and height z, ancl beam to be fixed at one extremity, and at the other acted P, and the distance of the transverse section wz 
	the 
	same 
	is 
	not 
	only 
	de­
	assume 
	the 
	upon 
	by 
	a 
	pressure 

	K wz. . 
	i 
	w,
	2

	P d fi cl h 
	x 
	X
	termine the ,veakest part, or plane of rupture of the beam. 
	�ere many cases present thems�lves; let us consider only the fol­lowing. Let the body JlBEG, Fig. 227, be a truncated ,vedge, have the form of a prism v.,itb 
	or 

	a trapezoidal base, let he 
	t
	Fig. 
	227. 

	breadth DE= FG at the ex­tremity = b, the depth EF = DG= h, and the distance UKthe edge cut off from the terminating surface EG, = cLet us now assume that theplane of rupture NL is distant UV = x from the terminat­in� surface, we shall then ob­for it the depth ML = z 
	of 
	. 
	tain 

	h= h1 ;, whilst the uniform breadth is 
	= 
	h
	+ 
	: 
	(
	+ 
	)
	J,,fN=w
	=h. 

	z2 b
	= 

	: + Łincreases and 
	The 
	value 
	we
	2 
	(
	1 
	+ 
	Ł
	)
	2 
	= bhz 
	(
	! 
	+ 
	) 

	:
	:
	xe

	simultaneously with Ł, an<l is, therefor
	dimin
	ishes 
	1 
	+ 
	e, 
	also 
	a 
	mini-

	x <fl
	•18 
	Figure
	Figure
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	when this latter term is of the last ,alue. But ce of put c + u, where u is a small number, we shall obtainfor it: 
	mum, 
	·
	if 
	in 
	pla
	x, we 
	then 

	1 
	c +u 1

	+ _ +!+_!_
	+ _ +!+_!_
	C cl
	cl 


	l + Ł) 
	l + Ł) 
	c(

	== 
	1 
	1 
	(

	c 
	2 

	1
	u
	u
	+ ct -c + ?". As 10 this 
	2
	now 
	las
	t

	1
	u

	+ t1 
	-
	-
	. . . 
	)

	u 
	-
	c 

	expresion u appears only as a square, it follows that every value, which is obtained when the distance x is assumed or less than c, gives a greater value than for z -c, that 
	s
	othe
	r
	gre
	ate
	r
	con
	..

	1 z r. u,z
	s

	sequently for z c, -+ -, and, there1ore, also --i
	bh

	c2 
	==
	-
	z 
	I .2 4/,/a•
	(
	l 

	)
	1

	C C C C 
	z 
	• • .
	F 11
	r.

	m1n1mum. romhence 1t10 
	ows 
	that

	' 
	the magnitude of the surface of rupture -b . .2 h -2 bh, and tant from the terminating surface EG == bh as much again as the 
	is 
	dis
	..
	edg
	e

	HK of the portion cut off. 
	In a similar manner, the distance of the plane of rupture from the terminating surface of a truncated pyramid or truncated cone isequal to half the height of the supplementary pyramid or supple .. mentary cone. 
	§ 204. Bems ofte Strongest Form.-A beam, which opposes anequal resistance to rupture throughout all its sections, of which, there .. fore, each may be considered as a plane of rupture, is caJled a beam of the stform. Of all bams of equal strength, the equal resistance at each potnof its length has the least material, and is, therefore, the most suitable, and that which selected for architectural construction, and machines, not only 
	a
	h
	Ł
	ongest 
	Ł
	bod
	y 
	of
	t 
	quan
	tity 
	of
	shoul
	d 
	be
	for 
	o
	ut

	·
	ofregard to economy, but 
	a1so, that the weight may not be 
	increa
	sed 

	If we put the distance of a plane of rupture from the furthe
	r 
	ex
	.

	.
	tremity == z, and the measure of the moment of.flexure for that 
	secti
	on 

	-W, we then have the pressure requisite for rupture P 
	z= 
	WKh
	Figure

	_ 
	_ 
	As

	ex 
	K ui a constant factor, a beam of the strongest form Ł 
	must 
	be

	. ez
	conŁant also, i. e. it must be of the same value for every possible
	.
	section. If for a beam of a rectangular section the variable breadth -w, athe depth = "; but the breadth at the origin, or end c:= h, and the depth there -= gener
	nd 
	sup
	posed fixed 
	h, 
	we 
	have 
	ally

	s
	s
	u
	v

	W uv' " K

	nd -, hence P = --. -, and the origin 
	-
	12 
	, 
	a
	Ł 
	for 
	for

	2 
	'
	-
	X 6
	K
	b!,,
	1 

	ake these two values of P equal, we obtequation 
	11,
	j
	f 
	we 
	fi
	ain the 

	.,,
	-ior the beam of the itrongest form. In a beam of e
	l 
	q
	ual

	z 
	Figure
	DEAMS OF THE STRONGEST FORM. 
	2 2 2
	2 2 2
	v
	h
	v

	. x • ·
	. 


	= b 1s _ = -, therefore, _ = -, ,vh1ch 1s the 
	b
	readth 
	u 
	equation

	2
	h

	X to the parabola(§ 35, Remak), nd 
	l 
	l
	Ł
	Ł

	Fig. 22s. 
	points out that the long1tud1nal
	section .llBE, Fig. 228, must have the form of a parabola whose vertex is the extremity or point of suspen­sion E of the load. If the beam .llB, Fig. 229, rests upon its extre­mities, and sustains a load in its middle C, or if a beam JJ.B, Fig. 230, is supported in its middle C,and two pressures, balancing each other, are applied at the extremities .fl and B, then the longitudinal pro
	-

	has the form of two parabolas meeting in the middle. The last 
	file 

	Fig. 229. Fig. 230. 
	Figure
	Figure
	case occurs in balances, ,,·hich, as they are ,,reakened by the holes at the points .11, C, B, are provided ,vith ribs, or ha,,e a middle piece JJ.B 
	given to them. If the depth v = his constanth: or, for 
	:= 
	;=;

	the breadth u is proportional to its distance from the extremity, the horizontal projection, therefore, of the beam .llBD, Fig. 231, forms atriangle BCD, and the whole beam a wedge with a vertical edgecoinciding with the direction of force. If the body .11.BD, Fig. 23.2, 
	is to have similar transverse sections, we shall then have = 
	Ł
	;
	,hence 

	3
	3
	u

	u ul'hbhx 
	2 
	2 
	· 


	-,i. e. = -, therefore, the breadth and the dept
	·h
	b
	2 
	= 
	b
	-
	3 
	l
	h 
	1n
	-


	x l 
	Fig. 231. 
	Figure
	Figure
	Figure
	BEAMS OF TllE STRONGEST FORM. 
	crease as the cube roots of the corresponding arms. For example, asection eight times further from the outer end than a given section,
	_

	woue
	_have double the height and breadth of givensection.
	ld 
	only 
	that 
	of the 

	be uniformly loaded, we have the variable load Q = q
	If 
	a 
	beam 
	x,

	xexq
	x 
	2

	and its arm = , hence, instead of Px, we must put 
	lYJ • -
	= 

	2 
	2 

	, 
	2 K
	x2q 
	ttV 
	1

	consequently = 
	-

	l''
	q 

	<l h 
	.

	Were the brea t 
	K 
	k 
	a

	bl
	e, that 1s 
	u 
	-
	b

	-, 
	.
	1nvar1a
	.

	2
	-
	x
	· 

	w 
	r 

	v:r
	we should have h, therefore, also 
	2 
	2 

	V X 
	angle .IJBE for the longitudinal section, and a ,vedge 233, for the body of the strongest form. If we tae a uniform 
	.IJBED 
	Fi
	k
	'uepf 
	h 

	= 
	.
	p
	Fig. .233. Fig . .234. 
	Figure
	v = h, ,ve obtain = z, and, therefore, for the plane 
	then 
	u 
	2
	a 
	surfa
	ce

	b ,
	l

	BDC, bounded by a parabolic arc, as in Fig. 234. If we again 
	mak
	e 

	similar transverse sections, then ;:= ;so that we have both in 
	the 

	vertical as in the horizontal profile, a cubic parabola, in which cubes of the ordinates increase, as the squares of the abscisses.
	the

	Ha body .IJB supported at both extremities, Fig. 235, is unifor
	mly

	loaded over its whole length, 
	loaded over its whole length, 
	we

	have for the moment rupture 
	of 
	at 

	a distance from a point of .110 = x: 
	suppo
	rt

	X q
	Q 

	-• x-qx . -= -(lx-r)
	' 
	2 2 2 on the other hand for the middlepoint: 
	Q l l _ Ql _ ql
	Q 
	2 

	2·2-2·-s-
	4
	s· 

	If we suppose the boJy to be of 
	Figure
	Figure
	Figure
	Figure
	Figure
	THE THICKNESS OF AXLES. 
	bh
	bh
	1

	breadth, we haŁe to put (lx-r) bv• : : = 
	uniform 
	Ł 
	== 
	1 
	and 
	q

	l x-r
	Ke

	by division "= 
	, 
	and 
	3 

	6 1 r
	h
	¼ 

	• ' Ł(lz-r). Were
	, or v
	(
	) 

	1 
	== 
	be a circle .f1DB described with l as a radius, 
	would 
	1
	but 
	because 

	h
	lx-xmust still be multiplied by (in order to obtain the square 
	2 
	½
	l
	) 
	1 

	vof every ordinate OM, this circle passes into an ellipse .llDB, whosesemi-axes are C.11 = e1 = ½ l and CD = /3 = h.The same relations exist for bodies with circular sections as for those with similar rectangular sections. In the case of a beam im-
	2 

	bedded in a wall at one extremity, and loaded at the other Ł,
	3 
	Ł

	== 
	application. 
	shafts, axles, &c., flexures may prejudicially affect the 
	working 
	of 

	machines, by gi,·ing rise to vibrations and shocks; therefore, often more desirable to determine the sections, not ac­cording to their strength, but according to their degree of flexure. Gerstner and Tredgold maintain that abeam of wood, supported atboth extremities and loaded in a deflexion 
	and 
	it 
	is 
	here,
	the 
	middle, 
	may 
	suff
	er 

	a. = Ł l without disadvantage, and that such of cast or 
	• 
	a 
	beam 

	1
	1
	11 =-= 
	wrought iron can only undergo a deflexion or height of arc 


	480 
	l. 
	. 

	-, hence
	12 
	P
	P

	But now from§ 190: a== 
	48 WE
	48 WE
	, and from§ 191 •W== 
	. 

	. 
	pzs a PP
	follows the height of arc : a = -:--:-Ł= and -== --=-Ł= If now we
	4 bhE l 4 bl,,E
	3 
	3 
	0 

	= 1800000, we obtain for wooden beams the 
	=-

	• 
	r 
	.

	ZS 
	put Ł, and E 
	; 
	2
	8

	tenacity or strength at the middle: l" -288 
	. 

	= 
	1 
	, and E
	480

	F 
	. 
	a
	iron = 
	or 
	cast 
	T 

	1 
	= 17000000, hence: 
	bh
	bh
	3 

	1 
	4 bh
	3 

	further we take for cast iron !!:.. .. , and 
	If 
	E-2
	lbs.,

	l 480 
	We obtain for a rectangular beam of this material: 
	l,/&3
	P-242000e. r . 
	. . 
	l 
	1RUPTURE BY COMPRESSION. 
	2
	4 

	= 9,42, and hand b be replaced by r, for cylindrical beams as round axles, &c. The following table gives the dimensions of the transverse sections, lbeing expressed in feet, b, h, r in inches, and Pin pounds. 
	3
	,c 

	Substances. Rectangular section. Circular .ection. 
	Figure
	Wood • • • • • bh• == /1 ,.._ 
	P
	Figure
	Pr 

	170-ltSOO 
	Pl' 
	Cut iron bl&•a.-,.._
	• 
	• 
	• 
	P/1 

	980 9250 
	• 

	li Pl'
	P

	Wrought iron b/ala.-,.._
	1680 15800 
	If the load Q be uniformly distributed over the beam, Pmust bereplaced by i Q, §90, and if the ,veight of the beam be taken intoaccount, by P I G. If it be the case of a beam which is fixedat one extremity and loaded at the other, P and l must then bedoubled, therefore, Pl' to be multiplied byeight; if, lastly, the beamfixed at one extremity sustains a load Q uniformly distributed, forPP, we must substitute f.8 QP .. 3 Qr for Pr. 
	1
	+ 

	Ezampln.-1. What load will a wooden beam, thick and deep, reposing on both its extremities, sustain for a length This load is i=2170elbs. 
	20 
	feet 
	long, 
	7 
	inches 
	9
	of 
	time 
	1 
	p
	= 
	170 
	bhS 
	=170. 
	7
	2
	·
	0
	9
	9 
	1
	-1190e. 
	7
	29 

	· r 400
	In § 198 p was found mi: 1890 lbs.-2. What thickness must an iron axle, 12 be cast, if the same has to sustain a uniformly distributed Q = 40000 lbs., 
	feet 
	lon
	g
	load 
	witho
	u: 

	any detrimental flexure 1. r' == I 22
	Q
	r 
	therefore 
	here 
	r' 
	=: Ł 
	• 
	40000 
	• 
	12
	1 
	= 
	8

	15800 8 15800 
	15800 8 15800 
	• 

	and r = = 3,89 inches; oonaequently, the thickness of the axle 2 r 
	✓228 
	== 
	7,78,e
	or 

	about 7¾ inches. By the formula for strength, if the modulua oftenacity of wroug
	ht
	iron 

	40000 . 144
	. Ql 

	be taken at J/ times that of cast iron: 
	-= 
	8,
	= 
	9
	5
	;

	.e
	_
	s

	,e8. 'v' . 4700 8_14e. 4700
	-

	hence, r Ł 98,5 := 462inches, and 2 r -= 9,24 inches. 
	1

	Compression.-!{ prismatic bodies are sostrocompressed in the direction of their ruptutheir resistance to compression has to be .. This rupt;may take place in two ways. If the body be short, if1t approxia cube, it will fall to pieces without undergo1n� ff_exure, but if is longer than it is broad and thick, flexure that whic�.place will precede the rupture. The one rupture con­a crushing, bruising, transverse strain, or asunder its parts ;the other, in a fracture or asecti
	§
	206. 
	Ru
	pture 
	by 
	ngly
	axes, 
	as 
	to 
	amount 
	to 
	re
	overcom
	e.
	ur
	.
	mate
	s
	to 
	the
	body 
	similar 
	to 
	h
	t
	es
	kind of 
	sists 
	10 
	splitting 
	of
	the 
	body
	or 
	destruction of 
	on 

	JŁ 
	RUPTURE BY COMPRESSION. 
	pendent for the most part of the length of the body. Short wooden prisms split asunder in the direction of their length, or form a bulge ;stones break into several pieces or separate along an inclined pŁaneTen times the absolute strength is given to wood and stonesto iron,only one of five times ; and to walls of rough stones, twenty times. If 
	. 
	Ł 

	� be the modulus of resistance to crushing, and F the transverse sec­tion of the bodies, the working load will be 
	P == FK1 and F =-, where for K, l K to ?Ju Kmust be substi-
	p
	1

	K,
	tuted. 
	TABLE 
	OF THE MODULUS OF RESISTANCE TO CRUSBJNG •e
	. 

	Names of substances. Modulus K. Names of substances. ModuJus K. Be.salt • • • 27000 Brick -• • 580 to 2200 Gneiss • -• 5100 Oak • • -2800 " ti800Granite -6000 to 11000 -6800 " 8000LimestoneMarble -Mortar -Sandstone • • 1400 cc 
	•
	• 
	Pine
	• 
	-
	" 
	2000
	1500 
	6000 Fir
	-
	• •
	-
	-


	• 
	3200e" Cast iron • 146000 4We" 900 Wrought iron 72000 13000 Copper • 
	12000 
	-
	• 

	• 
	• 
	60000 
	The values of K contained in the precedintable are not unfre­quently, especially for wooden columns, applicable even when thebodies are very long, only it has been found necessary to diminish these values by one, two, or three-sixths, when the columns aretwelve,etwenty-four or forty-eight .times as long as they are thick. 
	g 

	_
	Accorchngly, for a column of oak, one foot thick and twenty-four long, K must be taken at from 2800 (1 -i) =-1900 lbs. to 6800 t = 4500 lbs. The formulre developed in § 185 for the transverse section of bodies of considerable weight, and of bodies of the strongestform, here find their application.• 
	. 

	Ezampltl.-1. What load can a round column of pinŁ 12 feet long and 11 inches dia• 
	11
	· 
	1

	meter, sustain! F== • -= 95 square inches> if we oow take for J{a mean value 
	4 

	+ SOOO 
	+ SOOO 
	== 
	6800 

	t3

	2
	that ofthe thickness, and theretbre put K sa 7400 . f -6200 lbs.; and 
	times 
	give• 
	ten-
	ten-


	10 
	10 

	_ 
	be the foundation waUs ofa massive building of20000000 Jbe. eight, outer length, and 40 feet breadth if for this purpose we use well timahed block• 01 Let z be the requisite thickness, 60 -z is the mean length, '!)-i
	thick 
	must 
	Ł
	60 
	ree;
	gneiss 
	and 
	z 
	th

	Łreadth therefore tQ.e mean perimeter 2 (60-z + 40-z) .. 200 z, we-obtain the base of the walJs (200--4 z) z square feet-.(50--.%) z square inches. For a twenty-fold security, a 
	; 
	-
	' 
	z; 
	if 
	we 
	m
	:
	)
	tlply 
	this 
	by 
	!
	44
	(
	2
	Ł
	z 
	== 
	576 
	square 
	inCh 
	O 
	pe181 

	; 
	0000ooo,w GO »-a:' 
	2

	136.
	2
	. . 
	-
	Nz..; 1Jz' or aboutŁ 
	ow 
	36

	• See Appendix. 
	Figure
	RUPTURE UNDER COMPRESSION. 
	136 + 7
	= 
	-
	,7 feet. No,v :r:' being put 2,7' = 7more nccuroteJy x 
	= 
	2
	= 
	1 

	50
	2,86 feet, for which we may take 2,9 feet, = 35 inches. 
	= 
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	The strength, thuefore, of a parallelopiped increases as the beadth
	Ł

	_
	greater dimension, and the cube ofthe thickness or less dimension of the transverse section, and inversely as the square of the length. 
	or 

	If, on the other hand, we put W = i r'-, then for a cylindrical co• 
	we have P
	umn 

	J 
	= -. -· 
	16 li
	The strength of a cylinder increases, therefore, as the fourth powerdiameter, and inversely as the square of the length. 
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	the 
	axle
	•

	31'
	But if we make 4b' =,c,.S, and, therefore, both sections equal, we,
	.
	the
	n 
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	BREAKING TWIST. 
	Breaki,ng Twist.-When the torsion exceeds a certain limit, are torn asunder, and the cylindrical axle is twisted 
	§ 211. 
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	Since the fibres are not only extended by torsion, but also com­pressed, and as we have only had regard to extension in our develop­ment, so it may be expected that the formulre found do not in their quantitative relations quite correspond with and, therefore, 
	experiment

	it is necessary to take the constants E and m experimentsmade especially to determine them.
	✓KE fro

	b_e given in degrees, such observations admit of our putting the torsion : 
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	for
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	for 
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	of 
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	• See Appendix. 
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	BREAKING TWIST• 
	The iron upright axle of a turbine exerta at the circumference of wheel of 15 inches radius reposing upon it, a force of 2000 thick.
	.E.mmpla.-1. 
	a
	toothed 
	lbe.; what 

	a
	P

	muat be given to it 1 a == 2000 . 15 =-37000, and if we put = 
	ness 
	P
	,a 
	-

	12600 
	376
	we shall obtain ,. :a Ł1,44 mches; thickness 
	= --. 
	hence, 
	e 
	of

	126 the axle 2r = 2 88 inches, for which 3 inches may be assumed. ce of 
	If
	the 
	distan
	the 

	Pal 
	-= 
	-2. On a square axle of Ju, a force P .. lbs., IICtl at an arm 2 feet, the dutanoe measured 
	Ł 
	the 
	load 
	is 
	applied 
	at 
	an 
	of 

	arm of 20 feet, whilst the direction 1S the torsion 
	1n 
	of 
	the
	10 feet; how thick mmt thia ax.le be made, and how great 
	1 
	It
	is

	axis , _ 
	Pa -Q_ 000. 12 : a:aOOOO lbs.; 
	b 
	2. 
	-
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	inch 
	lbs.
	; 
	but 
	the 
	load 
	Q
	-
	P
	half 

	-= 4,31 inches, and the whole aide .. 8,62 inches. The torsion .o 
	amounts 
	to 
	= 

	_e
	. Pal 120000 . 12 . 10 144000 
	6800 . b• 6800e. 4,31' 68. 345 
	0 
	· 
	•
	-

	UI 
	Gene­this 
	for 

	generaJ, leas torsion is allowed, and therefore the axles are made much 
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	r.

	0
	rally, this angle does not amount to ia degree. If, however, we put 0
	a
	½

	-
	8,4 inches 
	✓P4966 -
	1 
	and 
	26 

	=-
	=-

	144000 
	-= 4966, hence 6
	cue we shall obcain 6' 
	-
	58 • i
	== 16,8 inches. amount to more than 0,1 °.
	Rtmark. If an axle has to sustain relative elaaticity and that of torsion, the calculation for both, and apply the greater ratio ofthe dimensions found. 
	we 
	muat 
	make,

	, 






